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Concentratable Entanglement

Steph Foulds

Abstract

Entanglement is a vital resource in quantum computation and information. In gen-
eral, the amount of entanglement in a state determines its usefulness. The stand-
ard methods for detecting and characterising quantum entanglement are either
resource intensive or require prior knowledge of the state in question. We extend
the two-qubit pure state entanglement measure concurrence to the multipartite en-
tanglement measure Concentratable Entanglement (CE) and provide two efficient
methods of experimentally estimating it, the Bell-basis test and the controlled
SWAP test, the output probabilities of which are related to the CE and purity
of the input ensemble state. We show these results are robust to small variations
in the input states and are therefore suitable for experimental estimation. The
Bell-basis test can be achieved experimentally on multipartite states with current
hardware with number of trials at maximum according to Hoeffding’s inequality,
and is particularly suited to larger (n > 3) multipartite states. Unlike many other
multipartite measures, Concentratable Entanglement (CE) has a simple form, can
be directly estimated from experiment, and can be used for mixed states; therefore,

we present CE as a standard entanglement measure for multipartite states.

Supervisors: Dr Nicholas Chancellor, Professor Stuart Adams, and Professor Viv Kendon
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CHAPTER 1

Introduction

Quantum entanglement is a phenomenon in quantum physics where measurements on
two or more quantum objects yield highly correlated results, regardless of separation
or lack of communication between the objects. Called “spooky action at a distance”
and derided by Einstein, today entanglement is considered essential in quantum fun-
damental theory. Since 1972, it has been used in Bell’s experiment [I}, 2, 3] to disprove
local hidden variable theory and in 2021, an experiment was proposed using entangle-

ment to test quantum gravity [4].

There are innumerable applications for entanglement; it is present in almost all quantum
computation [5, [6l [7, ] and is a requirement for quantum advantage in some quantum
algorithms [9]. In quantum information science — the study of communication, storage,
and learnability of quantum information — entanglement is an integral resource [10),
11}, 12, [13]. For example, quantum teleportation [14] uses pre-shared entanglement to
transfer an unknown quantum state from one location to another using only classical
channels. It provides a fundamental primitive for quantum information processing.
Teleportation has been realised optically [I5] [I6] and with ion traps [I7] as approaches

towards distributed quantum computation [I8].

In general, the amount of entanglement in a state determines its usefulness. For ex-
ample, information can only be teleported perfectly by maximally entangled states

[19]. The standard methods for detecting and characterising quantum entanglement
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are either resource intensive (such as quantum state tomography [20]) or require prior

knowledge of the state in question (such as entanglement witnesses [21]).

The controlled SWAP (c-SWAP) test for entanglement is an alternative test for quantum
entanglement, first proposed by Tim Spiller et al. in [22] for the two-qubit pure state
case. It is a quantum gate circuit which when applied iteratively to a (potentially un-
known) ensemble of states can evidence entanglement. It was then used in [23] to prove
a series of computational complexity results. In my MPhys dissertation (supervised
by Tim Spiller) ‘The controlled SWAP test: a shortcut to determining quantum en-
tanglement’ (2019) we show that the c-SWAP test can estimate the two-qubit measure
of entanglement ‘concurrence’, extended the c-SWAP test to three-qubit pure states,
and investigated various state error cases for two- and three-qubit states. During my
PhD, I published Foulds et al. [24] with Tim Spiller and Viv Kendon which among
other results extends this analysis to n-qubit states and proposes a multipartite meas-
ure of entanglement, based on concurrence, related to the c-SWAP test’s probability
results. Jacob Beckey et al. [25] then used this to define a family of entanglement
measures called Concentratable Entanglements (CEs) which can be directly estimated
from c-SWAP test results. This in turn led to collaborations on the extension of the
c-SWAP test to higher dimensional states [26], to mixed states [26], 27], and a proposal

for experimentally estimating CEs via a Bell-basis test [27].

In this thesis, I aim to determine the practical usefulness of the new multipartite entan-
glement measure concentratable entanglement (CE). CE is a experimentally motivated
multipartite entanglement measure. It is derived directly from the controlled-SWAP
(c-SWAP) test for entanglement and therefore has both a physical meaning and can be
directly estimated from experiment. The c-SWAP test for entanglement, or its equival-
ent for two-level states the Bell-basis measurement test, is particularly suited to highly
entangled near-pure states, for which the greater the system size the fewer resources

required to estimate the CE.

I begin with the necessary background on various multipartite states: namely qubit,

qudit, and optical states. I then explain entanglement in terms of its mathematical
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formalism, previously introduced measures of entanglement, and known methods ex-
perimental detection and measurement of entanglement. To conclude the background
section I explain in full the c-SWAP test for equivalence and the c-SWAP test for en-
tanglement as presented in the previous work [22]. This leads to my original work
on the behaviour of the CE of bipartite and multipartite qubit states under various
state variations and errors, with the view to bound experimental results outputted by
the c-SWAP test. Further, this chapter discusses the information contained in the c-
SWAP test’s results on the entanglement structure of the input qubit states. Next, I
present work obtained in collaboration with Oliver Prove during his Level 4 project at
Durham whereby we extend the c-SWAP test, and therefore CE, to higher dimensional
states. In the final original work chapter, I present work completed in collaboration
with Jacob Beckey (PhD student at the Univeristy of Colorado), Gerard Pelegri, and
Natalie Pearson (postdocs at the University of Strathclyde). In this chapter, we pro-
pose the Bell-basis test as a more experimentally viable method of obtaining the results
of the c-SWAP test on qubit states, and detail how this test might be performed on the
neutral atom platform via Rydberg excitations. Finally, I conclude with an argument
for Concentratable Entanglement to be adopted as a the standard, all-encompassing

measure of entanglement, able to be efficiently estimated by experiment.




CHAPTER 2

Background

First, I will provide the required background to understand the work presented in this
thesis. The first section establishes the mathematical framework used to represent
the relevant quantum states and their operators. The second section introduces en-
tanglement, entanglement classes, and previously defined measures of entanglement;
the third section reviews established methods of evidencing and characterising entan-
glement. The fourth section describes the controlled SWAP (c-SWAP) test for equi-
valence, a method for distinguishing states and the precursor to the c-SWAP test for

entanglement, which is covered in the fifth section.

2.1 Qubit and qudit states

A quantum superposition state, prior to measurement, is in a superposition of D pos-
sible states, where D is the dimensionality of the available state space [28]. These states
are discrete and quantised, such as nuclear spin, spatial paths, and atomic energy levels

[28]. A pure quantum state is a linear superposition of D basis states, represented in
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Dirac notation with state vector [2§]

)= > Axlk) (2.1)

=~ (2.2)

_AkD_l -

where Kp = {ko,k1,...,kp_1} is the set of all possible states the superposition state
1 could be in. The linear functional conjugate transpose of |k) is denoted (k|. The
probability of obtaining |k) when measuring |) is P(|k)) = | (k|¢) | = |Ax|?, and the
state vector is normalised such that () = 3, |Ax|? = S P(|k)) = 1.

Much of this thesis uses the computational basis, where the basis states are denoted with
Kp ={k €Z,0 <k < D} and form an orthogonal basis (for a D-dimensional complex
vector Hilbert space) such that (k'|k) = dgx [28]. There are exceptions to this notation
to signify intermediary states outside the input state’s basis; for example, Rydberg
states |r) are highly excited electronic states of an atom or molecule that therefore

exhibit highly tunable long-range interactions with electromagnetic fields [29].

‘Qubit’ denotes a state with two computational basis states whereas ‘qudit’ is an um-
brella term for states with D > 2 computational basis states [30, BI]. A pure ‘n-
qubit(qudit) state’ is the combined state of n pure qubit(qudit) substates in one system,

with state vector [28], 30} [31]

)= > Aqla) (2:3)

q€Qn
where @, = {0,1,...,D — 1}" is the set of all possible bit/dit strings of length n,
with k& denoting the qubit(qudit) label in the set S = {1,2,...,n}. The probability
of measuring |q) is P(|q)) = |A44>. Again the state vector is normalised such that

() = X 4e0, |Aql> = 1. For example, a two-qubit (pure) state has a state vector of
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the form
|¢> = Ay |00> + Ao1 ‘01> + Aqg ’10> + Ay |11> (2.4)
Ao
A
|7 (2.5)
Ao
_All_

where |jj) = |7) ® |5')-

These states are called ‘pure’ states as they can be represented by state vectors, however
they are actually special cases. Most states are in fact ‘mixed’, meaning they are a
probabilistic mixture of pure states. Instead of a state vector these states must be

represented by density matrices of the form: [28]

P = pr Vel (2.6)
k
A0®n
A0®n711
= Zpk |: 6@” A(ﬁ@”*ll P AT®”*10 T®" k (27)
k
A1®n—10
L A1®n i

where py is the probability of the pure state |¢;) in the ensemble p, > pr = 1, and
therefore the matrix trace tr[p] = 1. A pure state is the special case p = [1))(¢p| where

[4) is its state vector.

The ‘purity’, the opposite of mixedness, of any state is given by [32]
5 = tap?). (2.8)

For pure states, p? = [¢) (¥|v) (1| = [¥)| = p and therefore v = tr[p?] = tr[p] = 1.

A maximally mixed state of the form p = I;/d, where I; is an identity matrix of size
d = D™, has purity v = é. The purity of a state characterises the available information

about the quantum system [33]. Werner states [19] are of the form

14

p=(1=p)[UND|+ '8

(2.9)
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and therefore the purity of p is dependant on p, where p is pure when p = 0 and

maximally mixed when p = 1.

It is useful to be able to extract the density matrix of a substate or substates from
a larger composite state. The reduced density matrix of the n,-qubit/qudit state A
within composite ns-qubit/qudit state AB is given by the partial trace [28]
pa=trp(pas) = > B(s|pasls)y (2.10)
seEQp

where @ p is the set of all possible bit/dit strings of length n; — ng.

In this thesis, computation on quantum states is modelled with circuits of quantum
logic gates. An operator A representing a quantum logic gate acts on a state vector
1) with A|+p) = |¢) and on a density matrix p with ApAT = p/ [28]. The gates used

in this thesis are the Hadamard gate, C,NOT gates, and C,Z gates.
The Hadamard gate is a one qubit gate with matrix [28)]

gL 2.11
il (2.11)

and therefore operates on qubit computational basis states such that H |0) = 12 (10) +
1)) and H [1) = Z5(]0) — [1)).

S

The two-qubit controlled-NOT gate, or CNOT gate, flips the target qubit if and only

if the control qubit is in state |1) [34]. It is represented by the matrix

1 0 0 0
0100
CNOT = (2.12)
000 1
0 0 1 0

where the first qubit is the control and the second is the target.

The Toffoli gate, otherwise known as the CCNOT gate, is a three-qubit gate that flips

the target qubit if and only if the two control qubits are both in state |1). It has matrix
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28]

CCNOT =

o o o o o o o

where the first two qubits are the control and the third is the target.

o o o o o o

o o o o O

= o O O

o o o o

o o o o

0
0

o o o o o

o o o o o o o

(2.13)

The controlled-Z gate or C'Z gate is a two-qubit gate that flips the phase (|0) — |0),

|1) — —|1)) of the target qubit if the control qubit is in the |1) state with matrix [28]

CZ =

where the first qubit is the control.

The CCZ gate is then

cCcz =

o o o o o o o
o o o o o O

1

o o O

o o o o o

= o O O

o o o o

= o o o o

o o O

0

o o o o O

0

o o o o o o

(2.14)

(2.15)

flipping the phase of the third target qubit if the first two control qubits are both |1).
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2.2 Coherent states

The quantum harmonic oscillator is a model of quantised energy levels in an oscillating
quantum system such as modes of vibration in molecules, or spatial modes in elecro-
magnetic waves [28]. Coherent states are minimum uncertainty states of the quantum
harmonic oscillator [28]. In this thesis we refer to optical coherent states, which describe
laser light: electromagnetic radiation produced such that there is a high probability the

light is emitted into the coherent resonant mode [35].

We define the coherent state |a) as the unique eigenstate of the annihilation operator

@ in a quantum harmonic oscillator [35]:
ila) = ala). (2.16)

where « is the coherent state amplitude [35]. Therefore coherent states minimise the

quadrature uncertainty principle such that [35]
(AX1)?) (AX,)?) = —. (2.17)

where X = F(aT+a), X, = 1(a’—a), and (z) is the average over the momentum /position

basis states.

Photon number states, or Fock states, are states of a well-defined number of photons
such that |n) are energy eigenstates of the Hamiltonian H = hw (&T& + %) where n is
the number of photons (one quantum of energy) in this state, a|n) = /n|n — 1), and
al|n) = v/n+1|n+ 1)[35]. When represented in this basis, coherent states follow a

Poisson number distribution: [35]
_le? &«
la) = e 2 E —= |n) (2.18)

where |a|? = u is the average number of photons. It follows that the probability of

measuring m photons is P(m|u) = (m|o*a|m) = p™e™#/ml.
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A coherent state can also be thought of as the vacuum state |0) displaced to a location

« in phase space, due to the action of a displacement operator ﬁ(a) such that [35]
) = e "0} = D(a) [0). (2.19)

In contrast to the photon number states, these states are not orthogonal, and form an
overcomplete basis. The inner product between coherent states |a) and |3) is given by

[35]
(a|B) = em2lol*—3 18" +5%a (2.20)
A squeezed coherent state is one that ‘squeezes’ the quadrature uncertainty principle in

equation ([2.17) such that ((AX})2) < 1 or ((AX3)?) < 1 [35]. A single mode squeezed
1 1

state is of the form [35]

|, §) = D()5(€) |0) (2.21)
= 9(&)D() |0) (2.22)

where
S(€) = exp B(é*eﬂ — 5&”)} (2.23)

and ¢ = re'?, where r is the squeeze parameter, squeezing in direction §. The two mode

squeezing operator is [35]
Sy(€) = exp(&*ab — calbl). (2.24)

where b|8) = B|8). Sa2(&) # 5’(5)@5'(5)5 and therefore entangles (see section 2.3) the
two modes |a) and |5). The entropy of entanglement (defined in section 2.3) increases

with the squeeze parameter r [35] [36].

Cat states are linear superpositions of coherent states with phase differences. Their
name reflects the fact that one can macroscopically distinguish the states in the super-
position, similar to the states of the cat in Schrédinger’s thought experiment [37]. Cat

states are of particular interest due to their applicability in quantum computing [38]

10
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and as the building blocks for entangled coherent states [39, 38]. A general cat state is

of the form [35]
[Yeat) = N (Ja) + € |—a)) (2.25)

where  is a normalisation factor given by N = [2+2 exp(—2a?) cos(¢)] /2 for relative
phase angle 0 < ¢ < 27. Coherent states |a) and |—a) are the macroscopically distin-
guishable states: the greater the value of a the smaller the overlap (a|—a) = e2lof?,

Small valued « cat states can be produced with photon subtraction from a squeezed

vacuum state [40].

Entangled coherent states (ECS) exhibit entanglement between modes of the electro-
magnetic field and have applications across a range of fields such as quantum optics
[38], quantum information processing [39], and quantum metrology [41]. They can be
realised [39] by combining and operating on cat states of the form given in equation
(2.25)). ECS are also fundamentally interesting as entangled macroscopic states with
minimised uncertainty. We will consider two-mode entangled coherent states of the

form

[ECSY) = N5'(Agy o) Ja) + Ay |a) [—a) +

Ay ]-a)la) + A |-a) |-a)). (2.26)

2.3 Entanglement and its measures

Quantum entanglement is the quantum phenomenon where two or more quantum ob-
jects cannot be considered as separate systems, but must be thought of as one system.
Therefore, any measurement outcomes on these objects will be strongly correlated in a

way not explained by local classical descriptions [28].

For example, a general two-qubit pure state has state vector |¢2) = Agg |00) + Ay |01) +

A1p |10) + Aqq |11). However, two separate one-qubit pure states have combined state

11
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vector

Y1) ® |¢1) = (Ao [0) + A1 [1)) ® (A5 [0) + AT [1)) (2.27)

= ApAL |00 + AgA, [01) + Ay A} [10) + A A |11) (2.28)

which since it can be written as its composite substates product together, is a ‘product’

or ‘separable’ state. Any state [1)9) such that |1)9) # |1)1) ® |¢1) is an entangled state.

‘Bell states’ are a class of maximally entangled two-qubit states. If one qubit is traced
out of a Bell state (see Equation [2.10)), the remaining qubit will be a maximally mixed

state. The four Bell states are [2§]

1
|©F) = E(’OW + |11))
) = - (jo1) = [10)). (2.29)

5

2

Under reversible LOCC — local operations and classical communication — Bell states can
be transformed into one another, but cannot be transformed into a state with less than

maximal entanglement. They are therefore considered one class of equivalent states.

Note that the basis used in this thesis so far are the state vectors |k € Z,0 < k < D),

however any state vectors |k;) can be chosen as a basis such that

W) = ZCi ki) (2.30)

for pure states where ()[t)) = 1. Relevant to this thesis is the Bell basis, a two-qubit
basis where |k;,0 < i < 3) are the four Bell states described in equation (2.29). This
basis is related to the {|0),|1)} ® {|0),|1)} basis with

(H® ]I)CNOT{‘<I>+> ,

U [@7), [wT)E = {|00),[01), [10), 1)}, (2.31)

Therefore, if a state cannot be measured in the Bell basis directly, one can simply apply

a Hadamard gate and a CNOT gate and measure each qubit in the {|0),|1)} basis to

12
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recover the Bell basis. The Bell basis states are in fact eigenstates of the SWAP gate:

SWAP|o*) = |ot) (2.32)
SWAP|®™) = |&~) (2.33)
SWAP ]\p+> = ‘\IJ+> (2.34)
SWAP|U™) = — |0, (2.35)

and therefore the |U™) state is called the singlet state, as opposed to a triplet state, as

it is the only Bell state with a negative eigenvalue.

The more entangled the composite state, the stronger the correlations in the measure-
ment outcomes, and the more mixed the individual qubits are when traced out. There
is a well-defined measure of entanglement for bipartite states called ‘concurrence’. For

pure states it is defined as [42] [43] [44]

ca([¢h2)) = /2 (1 = tr [pF]) (2.36)

where p1 = Tra[|1h2)(2|(5). If [¢) is a product state then ¢y = 0; if it is a maximally
entangled state co = 1 [42]. In the case of two-qubit states of the form equation (2.4)

a more simple equation for concurrence is
ca(Ago [00) + Aoy [01) + A1g [10) + Ag1 [11)) = 2| AgoA11 — Ao1 A10]- (2.37)

There is also a convex roof extension to bound concurrence for mixed states: [45]

ex(p) > /2 tr (7] — tr [3] — tr [p3] = h(p) (2.38)

If p is a pure state, tr [p%] = 1 and tr [p3] = tr [p3], therefore ch(|)v]) = ca(|1)). If pis

a maximally mixed state ch(p) = % — this measure therefore includes both entanglement

and mixedness. In fact, the two are inextricably linked.

In general, an entangled pure state is any |¢,,) that satisfies

¥n) # @) 161)), - (2.39)
k=1

The entangled classes used in this thesis are W states, GHZ states, and Line states.

13
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True n-qubit W states have state vector [46], 47]

1 n
|W,,) = ﬁ;; |0...1%...0),, (2.40)

where |0...1;...0),, denotes a string of length n with a single qubit k in state |1) in each
state in the superposition, e.g. [0...12...0), = [0010). A strength of n > 2-qubit W
states is that if a qubit is lost, an n — 1-qubit W state remains. An n-qubit W-like
state has form
n
hn) = > Ag0..1;...0),, (2.41)
k=1

which exhibits the same properties of true W states with less total entanglement. Each
qubit in this state has purity v = A% + (E?:Lj;ék AJ2.>27 which equals v = #((n —

1)?2 + 1) for true W states.

True n-qubit GHZ states are defined as [48] [47]

1
V2

where [0)" = ®j_;[0),. Each qubit in this state is a maximally mixed one-qubit

IGHZ,) = —=(10)" +[1)") (2.42)

state. This class of state is often considered a stronger form of entanglement than
W states, however it is less robust as the measurement or other of one qubit will
destroy all entanglement in the state. We define an n-qubit GHZ-like state as |¢,,) =

a0 |0)" + a1 [1)"™); each qubit has purity af + af.

When n = 2, both W states and GHZ states reduce to Bell states. However, for n > 3,
W states and GHZ states are two inequivalent classes of entangled states. Frequently
in this thesis Bell states are included in the analysis of GHZ and W states as the n = 2

case.

The final class discussed are line cluster states, with state vector [49]

Ly= [I czsa" o) (2.43)

adjacent 4,5

where C'Z is a controlled-Z gate from equation (2.14) and H is a Hadamard gate from

equation (2.11)). This creates a line of n qubits each entangled with their two nearest
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2.3. Entanglement and its measures

neighbours. They are equivalent to a Bell state for n = 2 and equivalent to a GHZ

state for n = 3.

Measures for the entanglement of a multipartite (n > 2) state are plentiful and varied.
An entanglement measure has to satisfy certain properties, such as not increasing on
average under local operations and classical communication (LOCC) [28]. In essence,

it must be true that [50, [51]
M
e() 2 Y pme(p™) (2.44)
m=1

where ¢ is an entanglement measure, p{™ is the outcome of a local measurement on p,
and p,, the probability of the outcome p(™). This equality must be true for any value of
M. Prominent examples of multipartite entanglement measures include the n-tangle,
which characterises the n-way entanglement in a state [52, [63]. Therefore W states,
which have only 2-way entanglement, have an n-tangle of zero and GHZ states for
which all entanglement is n-way have an n-tangle of one. In terms of the concurrence

the n-tangle is defined as

T12..n = C%(z..n) — (a4 + i) (2.45)

The two-qubit entanglement measure concurrence has been extended to the n-partite
generalised concurrence [43]. Label each qubit in the n-partite state with S = {1,2,...,n}.
Then let the concurrence of any bipartition M|M (where M is the complementary set
of M) of set S be defined as

En = /2(1 = tr[p3]). (2.46)
The generalised concurrence of the n-partite state is then

E= > Eum (2.47)
M|MeP
where P is the set of possible bipartitions in S. For example, a four-partite state has

general concurrence F = Fy 4+ Fo + E3 + Ey + Ey 2 + Ey 3 + Ey 4, which for a true W

state corresponds to F = 2v/5 + 3.
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2.4. FEzxperimental detection of entanglement

Additionally there is the ‘entropy of entanglement’ which is the von Neumann entropy

of a subsystem defined as [51]

Sa(pa) = ~tr[pa log(pa)] (2.48)

where pa = Trp [pap]. This measure is therefore related to the mixedness of a subsys-

tem A, and therefore the entanglement between A and B for pure states.

2.4 Experimental detection of entanglement

The most general method for experimentally determining entanglement is quantum
state tomography (QST). QST involves performing a large number of measurements
on an ensemble of identical quantum states, using the results to reconstruct the system’s
density matrix entry by entry [21] [54]. The entanglement of the system can then be
quantified using a given entanglement measure. For n qudits, standard QST requires
at least D?" (the number of basis states |y)z|) measurements and as many copies of
the state [2I], an exponential scaling in n which renders the method impractical for
large numbers of qubits. There are many improvements to this method, among them
Haeffner et al. [55] which characterises the entanglement of the trapped ion W state
qubits with 100-3™ measurements and Cramer et al. [56] for which QST on a 1-D chain

of pure qudits requires a linear number of measurements with system size n.

An alternative method uses entanglement witnesses. An entanglement witness W is an
observable such that Tr (Wp,) > 0 for all separable ps and Tr (Wp.) < 0 for selected
entangled state p.. It can be shown that for any pure state there exists a witness that
requires only 2n — 1 measurements, far fewer than the number needed for QST [21].
Nevertheless, as suggested by the definition, entanglement witnesses must be optimised

for the state considered and are therefore not a general method.
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2.5. The controlled SWAP test for state comparison

2.5 The controlled SWAP test for state comparison

The SWAP test is a widely used procedure for state comparison [57], first experimentally
demonstrated in [58]. The name derives from the controlled SWAP (c-SWAP) gate used
to perform the test, which has input systems A and B controlled on a control qubit C.
If the control qubit is in state |1)., the c-SWAP gate swaps the states of systems A

and B, and if in state |0) ., states A and B are unchanged.

Ax ) —
SWAP

B: |¢) —

C: 10) @ l @ /7<

Figure 2.1: One round of the controlled SWAP test for comparison of states |¢) and
|¢). H is a Hadamard gate. The SWAP gate performs the operation |) 4 |¢) 5 |1)o —

94 1¥) B Ve

Three states are prepared in the initial composite state |[¥) = [1) 4 |¢) 5 |0)~ where |1))
and |¢) are pure qubit states to be compared [57]. First, a Hadamard gate (equation
(2.11)) is applied to the control qubit. A c-SWAP gate is then performed on |¢) , and
|¢) g controlled on C', followed by a second Hadamard gate applied to the control qubit,

giving the composite state [59]

1) = ()4 16)5 + 16)4 [9)5) )
)4 16) 5 — 1604 1)) 1) (2.49)

This sequence of gates is shown in Figure [2.1l From the above expression it can be
seen that the probability of measuring state |1) in the control is zero if the two states
[4) , and |¢) 5 are identical. A measurement of |1). therefore proves the two states
are different, while multiple measurements of |0) are required to achieve confidence of
equivalence. It can be shown that in general the probability of measuring |1). is given

by

P(l1)e) = | (¥lg) (2.50)

N —
[N
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2.6. The controlled SWAP test for entanglement

giving a maximum probability of % for orthogonal states. Further, the overlap can be

calculated from estimating the probability from repeat measurements on an ensemble

of |¢) 4, and |¢) 5 [57].

Note that if systems A and/or B are mixed, the test will have a non-zero probability
of measuring |1) regardless of whether the inputs are equivalent, i.e., pg = pp. Non-
unity purity implies some uncertainty in the actual state, allowing the two copies to be

different up to the limit allowed by the mixedness.

2.6 The controlled SWAP test for entanglement

The controlled SWAP test for entanglement is a modified version of the controlled

SWAP test for state comparison. The following is the test as as proposed in [22].

Two-qubit pure input states p = [)¢| and p’ = |¢)$| and a two-qubit control ancilla
are subject to two controlled SWAP tests in parallel such that the first qubits in |¢)) and
|6), p1 = Tra(p) and p} = Tra(p’) respectively, are compared using the c-SWAP test for
state comparison and the second qubits in |¢) and |¢), pa = Tri(p) and ph == Tr1(p’)
respectively, are also compared, using one control qubit each. This and the universal

gate breakdown are shown in Figure [2.2

The input to each round of the test is therefore |Wi,) = |[¢) 4 ® |¢) 5 ® |00) where the
subscript C denotes the control qubits. The final composite state before measurement

is then: [22]

[Wout) = Hey Hoy CSW APy 4,8, CSW APgya,B, Hoy Hey |0) 4 |6) 5 100) (2.51)

1 ..
=1 Z lij) 4 I7s) g (AijBrs + AisBrj + ArjBis + ArsBij) |00) o

yrs
+(Az‘jBrs - AisBrj + Aeris - ArsBij) |01>C
+(AijB7“s + AisBrj - Aeris - ArsBij) |10>C

+(AijBrs - AisBrj - Aeris + ArsBij) |11>C] (252)
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2.6. The controlled SWAP test for entanglement

SWAP

k=12
S D A
L 4

p1 b ®
P2 ® P °
/ D D
P1 NP ¢ N
’ D pany
P2 NP ¢ Y

0X0] ElgEs
0)0] ——{ H}——e—{H}H A

Figure 2.2: One round of the c-SWAP test for entanglement on two-qubit states p ~ p’
where the one-qubit states p; = Tra(p) and so on. The lower plot shows the gate
decomposition for the SWAP gate where the two-qubit gates represent CNOT gates
from Equation and the three-qubit gates represent Toffoli gates from Equation
(2.13)).

If the two input states are identical such that |¢) = [¢) this reduces to
1 ..
[ou) =5 D 1i3) aI18) g [(Aij Ars + AisAry) [00) ¢ + (Aij Ars — AisArj) [11) 0] (2.53)
TS

1 .
:i Z ’ZJ>A |T5>B (AijArs + AisArj) |00>C’ (2.54)

Jrs

+ %(l00> [11) —|01) [10) — [10} [01) + [11) |00)) 4B (AooA11 — Ao1A10) [11)( -

Recall the equation for concurrence from Equation (2.37), co = 2|AgoA11 — Ao1410],

therefore:
1
(11|C |Wout) = Z(‘OO> |11) — |01) |10) — |10) |01) + |11) |00)) 4 co. (2.55)

Given a resource of many copies of |¢), which we will refer to as the resource ensemble,
the test can be be repeated many times and the control state measured to estimate the

probability

P(|11)¢) = 46 (2.56)
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2.7. Measurement statistics

and therefore the concurrence of |¢)) can be obtained.

The c-SWAP test for entanglement can be extended to pure or mixed n-party states,
the performance of which is the subject of this thesis. The test requires a resource
ensemble of 2M near copies of an n-party test state p and Mn control qubits. For
each round of the test m € {1,2,..., M}, two states are selected from the resource
ensemble and denoted p and p’ respectively such that the intital composite state is
Pinitial = PAPR ]0)(0]%". The c-SWAP test for equivalence is applied to pi ® pj. ® [0)0]

for each k € {1,2,...,n} in parallel such that
Pout = UPAPGB |0><O’%n UT (257)

where U =[]}, Hc,,CSW AP¢, 4, B, He, which is shown in Figure The control
state is then measured. After M rounds of the test the probability distribution of
the n-qubit control state is estimated. In this thesis the exact probability results are

obtained with P(|¢)~) = (q|c pout |¢) for ¢ € {0,1,..., D — 1}

A pr
SWAP

XN
C: oo —]H] l (H— A

Figure 2.3: One round m of the c-SWAP test for entanglement on state p. H is a
Hadamard gate from Equation (2.11)) and the SWAP gate performs (pg)a(p'y)s —
(p')A(px) B controlled on C.

2.7 Measurement statistics

Hoeffding’s inequality [60] states that an experimentally calculated value X = ﬁ Z%:l Xm
where Xi...X s are independent random variables such that 0 < X,,, <1, is e-close to

X =limy— oo X with probability

PIX-X|<e)>1-0 (2.58)
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2.8. Neutral atom platform

when the total number of measurements M is of the order

M=0 (W> (2.59)

2
where O(g(0,¢€)) is the set bounded both above and below by g asymptotically.

Similarly let there be M measurements with outcomes X;...X s where X € {0, 1} such

that the probability of measuring X = 1 K times is the binomial distribution

PUX =1y oK) = [ | oK1 -tk (2.60)
K

where p = P(X = 1). If p is unknown it can be estimated from X;...X,s by the
Maximum Likelihood Estimation (MLE) with

K
h——. 2.61
=77 (2.61)

The Clopper-Pearson confidence intervals provide bounds for the accuracy of p with

upper and lower bounds py and pr: [61]

K (MY . S
S -y =2 (2.62)
j=0 \ K
M- (MY S
pr(L=pp)" 0 =3 (2.63)
=K \ J
n
with a confidence interval of 100(1 — §)%, where = ﬁlk), is are the binomial
k

coefficients.

2.8 Neutral atom platform

Neutral atoms are a versatile experimental platform, supporting analogue and digital
operation [62] and combinations of atomic species [63]. It is the only quantum plat-
form with a programmable qubit layout [62} [64] 65], allowing for arbitrary 1-3D arrays

using holographic traps [65, [66], optical addressing [67], and atom shuttling [68]. The
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2.8. Neutral atom platform

technique is highly scalable, with current hardware demonstrating <1000 qubits [69].
Neutral atoms exhibit all-to-all connectivity [70], with high-fidelity multi-qubit gate

operations using strong Rydberg atom interactions [67].

Recent experiments have realised a Toffoli gate with 87.0(4)% fidelity [71], program-
mable generation of entangled graph states such as cluster states [67], two-qubit en-
tangling gates with 99.5% fidelity on up to 60 atoms in parallel [70], controlling quantum
many-body scars [68], maximum independent set optimization [65], and non-destructive,
state-selective fluorescence detection, demonstrated with <5 qubits and 99% detection

fidelity [72].

22



CHAPTER 3

The concentratable entanglement

for qubit states

In this chapter, I will investigate the entanglement measure ‘concentratable entan-
glement’ (CE) for multipartite qubit states and how it relates to the outputs of the
c-SWAP test for entanglement (from now on referred to as simply the c-SWAP test)
described in Section This includes the pure state definition from Equation ,
a mixed state extension, and a modified version taking into account variations in the
resource ensemble. Results for n = 2 and n = 3 were calculated analytically and results
where n > 3 were calculated numerically. The full probability results for pure states of

varying number of qubits n can be found in the Appendix.

Higher dimensional states will be similarly explored in Chapter 4. I have focused on
the suitability of CE as a measure able to be calculated from experimental results and
so I have also detailed the effect of input state errors on CE. Further sources of error

are considered in Chapter 5. All results are my own unless otherwise stated.

3.1 Identical pure states

In this section we consider the given ensemble of states to be identical pure n-qubit

states: therefore the input states are described by p = p’ = |¢) (9.
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3.1. Identical pure states

Following the publication of Foulds et al. [73], the paper Beckey et al. [25] introduces
the family of entanglement measures ‘concentratable entanglements’ which extends
concurrence, and therefore the formalism of the c-SWAP test results, to n-qubit pure
states. For input state [1)), denote the set of labels for each qubit as S = {1,2,...,n}
with P(S) as its power set. For any set of qubit labels s € P(S)\{0}, the concentratable

entanglement (CE) is [25]

Clp(s) = 1= 5y D tr 2] (3.1)

a€P(s)
where ¢(s) is the cardinality (the number of elements) of the set s and p, is the joint

reduced state of the subsystems labeled by the elements in o where tr {p(ﬂ =1.

Local purities tr[p?] (in any possible partition) cannot decrease, on average, under
local or separable operations [25]. Therefore pure state concentratable entanglement in
equation is also non-increasing, on average, under LOCC, since LOCC operations
are a subset of separable operations. Therefore the requirement of equation for

CE to be a valid entanglement measure is satisfied.

The concentratable entanglement is related to the outputs of the c-SWAP test as de-
scribed in Section [2.6] by

Ciyy(s) =1~ P(|0), on all in s) (3.2)

= P(non-zero even no. of |1),s on s). (3.3)

This is true for all pure n-qubit input states p = p’ = |¢) (1|, the proof of which is as

follows [25]: The operation of the c-SWAP test Ucswap is

Ucswar [07)c [0) [9) = H'CSWAP"H" [0%) ¢ [4) 1) (3.4
n 1
= 5 L[S lale (et CORSWARO W) (9
k=12=0

where SW AP |k) |k') = |K') |k). Tracing out the test states we find

n

P(lz)c) = (Wl (¢ 2% I Uk + (-1)*SWAP) [4) [) (3.6)

k=1
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3.1. Identical pure states

where z = [[;_; zx. Therefore

1—-P(j0) onallins) =1— Z (Y] (¢ 2i H I + (=1)**SW APy |¢) |¢)
k=1

zEZy(s)
1 n
1
=1- 5e) Z tr {pi} (3.8)
a€P(s)
= C‘w (S) (3.9)

as required, where Zy(s) is the set of all n bits with |0) on all in s, and we have used

Tr[SWAP(p ® p)] = Tr[p?).

Therefore any instance of an non-zero even no. of |1). s, where even in any round m of
the c-SWAP test evidences entanglement, and the probability estimated over M rounds
gives the CE. Note that in this case P(odd no. of |1)s) = 0. In the rest of this thesis,
‘even’ refers to ‘non-zero even’ numbers, such that P(|0)") 4+ P(odd no. of |1).s) +
P(even no. of [1)~s) = 1. In Sections we refer exclusively to the total CE,

C,(s = 5), which we write as C, for easy of notation.

Any Bell state |¢) from Equation 1} gives Cjy) = i. This is therefore the upper
bound for pure two-qubit states. For a general two-qubit pure state |1)) = Agg |00) +
An ’01> + Aqp |10> + Ay ‘11>:

Clyy = P(I11)¢) (3.10)
= (AgoA11 — Ag1A10)? (3.11)

2
= (3.12)

where co is the concurrence from equation [2.36 Therefore the well established two-
qubit entanglement measure concurrence is recovered from two-qubit concentratable

entanglement.

A similarly general three-qubit state |[¢)) = >, Aijk |ijk) results in non-zero probab-
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3.1. Identical pure states

ilities
P(|011)) = %[2(A000A011 — Ago1 Ao10)* + 2(A100A111 — A1014110)°
+ (AoooA111 — Ago1A110 — Ao10A101 + Ao1 A1oo)?], (3.13)
P(]101),) = %[2(1400014101 — Ago1 A100)? + 2(Ao10A111 — Ao114110)?
+ (ApooA111 — Ago1 A110 + Ao10A101 — Ao11A100)?], (3.14)
P(|110)) = %[2(/1000%1110 — Ao10A100)* + 2(Ago1A111 — Ao11A1o1)?
+ (AoooA111 + Ago1 A110 — Ao10A101 — Ao11A100)?], (3.15)
P(|000),) =1— P(|011),) — P(|101),) — P(]110).) (3.16)
From this CE of [¢)) can be calculated as C}, = P(|011),) + P(]101)) + P(|110)4).
Further, which qubits are entangled with one another can be identified. In the partially

separable case [¢)) = (ap |0) + a1 1)1 @ (Ago |00) + Ag1 [01) + A10|10) + A1q |11))23 these

probabilities become

P(|011)¢) = (AgpA11 — Ao A10)” (3.17)
C2

= (3.18)

P([101)¢) =0, (3.19)

P(|110).) = 0, (3.20)

P(|000)) =1— P(|011).) (3.21)

where ¢y is the concurrence of qubits 2 and 3. If the separable qubit was instead qubits
2 or 3, then the non-zero probability becomes P(|101),) and P(|110),) respectively.
We can see therefore that P(|1;1x).) is non-zero iff qubits j and k are entangled, and

so it follows that a non-zero P(|1;1;),) evidences entanglement between qubits j and

k.

Three-qubit states have two distinct ways of being entangled, GHZ state entanglement

and W state entanglement [47]. These are the classes of states I will focus on.

A maximally entangled n-qubit true GHZ state |GHZ,) = %(\O)n +[1)™) has CE

Ciauz) = 3 — 3=, whereas a true W state [W,,) = ﬁ >k 10...1...0) has CE Cjwy = %—%
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3.1. Identical pure states

Both are shown in Figure for comparison. The CE of each tends to % as n increases,

however for all n > 2, Ciquz) > Cjw)-

0.50r
0.45r
° [ ]
[ )
0.40+ o
A
é [ )
S 0.35F
[ )
0.30 1>
o |W,>
GHZ, >
0-25_? | | | | |‘ |
2 3 4 5 6 7 8

n

Figure 3.1: The CE of true GHZ and W states for various numbers of qubits n.

For n-qubit W-like states which are defined by |[¢) = |[W,) = Y I* 4 a;]0...1;...0), the
non-zero probabilities given by the c-SWAP test are
n
P(0)E) =D | ai +>_aid] (322)
i=1 j>i

P(|0...1;...1;..0) ) = aja’ (3.23)

and therefore its CE is

Ciw,) = P(exactly two [1);s) (3.24)
= ZZa?a? (3.25)

i >
= Y. Cwy (3.26)

all pairs

Provided each a; and a; are both non-zero, entanglement is present between every pair.
However, strings with greater than two |1) s have a probability of zero; therefore in the
W state case, no more than one pair of qubits are evidenced as entangled simultaneously
(i.e. during one round m). This is equivalent to the fact that W states have an n-tangle

of zero.
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3.1. Identical pure states

Alternatively, n-qubit GHZ-like states defined as |¢)) = |GHZ,,) = ao[0)" +a [1)" give:

4
P(|0)¢) = ap + ai + —agai (3.27)
—agag (3.28)
This tells us that there is entanglement between any given pair of qubits in the input
state, so long as both amplitudes are non-zero. Further, GHZ states with n > 4 result

in a non-zero probability of measuring even numbers of |1) s greater than two, meaning

that more than two qubits can be identified as entangled simultaneously.

Note that the c-SWAP test cannot identify odd-way entanglement during one round

m, therefore odd-way entanglement is not explicitly represented in the total CE.

The CEs of GHZ states are

Ciguz,) = P(even no. |1);s) (3.29)
_ 4
= (2" 1_ 1) Zn 000t (3.30)
2n+1 —4

shown in Figure Compare this with its n-tangle calculated equation (2.45)), 7(|GHZ,)) =
4ada?, which has the same form, but a coefficient independent of n [52]. Further con-
sider generalised concurrence (Equation [2.47) of the same states, Eiguz,) = (2" —

2)apay; therefore for GHZ-like states

2E|anz,)’
Cieuz,) = (2 —2) (3.32)

Note that if these values are treated as fractions of ‘maximal’ entanglement they relate
more straight-fowardly with

2
E C
|GHZ,,) _ GHZ.) (3.33)
maX(E\GHZn)) maX(C\GHZn))
This relation suggests that the lack of odd-way entanglement directly represented in

the total CE does not result in an underestimation of the degree of entanglement in

GHZ states, as the n-tangle explicitly includes odd-way entanglement.
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3.1. Identical pure states

0.5
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| | | | | | | |
0.0 0.1 0.2 0.3 04 05 0.6 0.7
Q)

Figure 3.2: The CE of GHZ-like states |GHZ,) = ag|0)" + /1 — a2 |1)" for various
numbers of qubits n.

The above formalism tells us more about the structure of GHZ and W states respect-
ively. For W states, the total CE is merely the sum of the CE of each possible pair in
the state. However, the CE of GHZ-like states is that of each possible pair and any
possible pairs of pairs. While W state entanglement can be thought of as a connected

graph, GHZ state entanglement is a more like a single vertex of size n (see Figure [3.3)).

D < @

3 SRR

o
(a) W state (b) GHZ state (c) Line cluster state

Figure 3.3: Pictographic representations of a four-partite system entangled in differ-
ent ways. The dots represent a single partite states and the circles/ellipses represent
entanglement between the states within them. If each of these entangled states are max-

imally entangled with respect to their entanglement class, then the CEs are Cjyw) = %,

7 1
Cicuz) = 16> ClLine) = 3-

The above states are n-entangled, as in all qubits are entangled with all other qubits.

29



3.1. Identical pure states

Consider instead a partially separable four-qubit state
1Y) = |x4) = (cos6]00) 4 sin @ |11)),, @ (cos ¢ |00) + sin ¢ |11))s, . (3.34)

which has the c-SWAP results

P(|0000) ) = (1 — %Sin2(29))(1 - isin2(2¢)) (3.35)
P(J0011)) = isin2(2¢>)(1 _ isin2(29)) (3.36)
P(]1100),) = %sin2(29)(1 - %sin2(2¢)) (3.37)
P(|1111),) = %6 sin?(26) sin?(2¢). (3.38)

It is straightforward to see that there is no entanglement between qubits 1 and 2, and
between qubits 3 and 4, since P(|0101),) = P(|0110)) = P(|1001),) = P(|1010)-) =
0. However, as long as each pair is entangled, P(1111) is non-zero; therefore even
numbers of |1) s greater than two do not necessarily evidence GHZ-like entanglement.
n qubit GHZ-like states are n-entangled, evidenced by P(|...k...k"...).) > 0 for all

k€ S and k' € S where k # k' and S ={1,2,...,n}.

A final class to consider are line cluster states, as they demonstrate that Cp,) = % is

not a global maximum. If |¢)) = |L,,) from Equation (2.43)) then
1.
Clyy = 1 = 5 Fibiys (3.39)

where Fib is the Fibonarchi series, calculated by Jacob Beckey [27]. This suggests that
unity is the upper bound of CE. For n > 3 the CE of n-qubit line cluster states is
greater than that of n-qubit GHZ states. We currently do not have intuition on why

the CE of line states is so much greater and leave this to further work.

The next investigation is the robustness of pure state CE to variations in the in-
puts states. I first look at maximally entangled states with their amplitudes off-
set. Consider a GHZ-like state with the variable § to parameterise its amplitudes:
19(0)) = sin (§ +6) [0)" + cos (§ + 9) [1)", therefore [¢)(6 = 0)) is a true n-qubit GHZ

state and |(8 = %)> is a product state. This state’s fidelity with a true GHZ state is
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3.1. Identical pure states

F=|{(5=0)|9(5)|*> = cos® 6. The CE of [()) is

1 1
1 1 1 1
=533 gr) FO-D) 4

This is simply a reparameterisation of Equation (3.29) and Figure Denote the
effect of § on the CE as A = Cjys5)) — Cjyp(5=0))- Let 0 be small such that the small angle
approximation is valid. In this case, A = (4 — 2)62.

on

Similarly for the W case, let

n(n

1 1 1 “
| (6)) = \/;cosé |00...01) + \/n - Y 60825; 0...1,...0) (3.42)

such that [¢(6 = 0)) is a true n-qubit W state and |¢(6 = %)) is a true (n — 1)-qubit

W state. Therefore
Clus)) =5 — 5= — 55— 8in° 8 (4(n — 1) + (n — 2) sin*§) (3.43)

in Figure When § is small, F = | (1)(6 = 0)|[4(8)) |*> = 1 — 6%/n, and therefore
A= %62 = %(1 — F). Like the GHZ case, an amplitude offset gives a second order
error, meaning that a small error in the input state gives an even smaller error in the

CE.

A second error to consider is an additional non-zero amplitude. Let [¢)(d)) = cosd |GHZ,,)+

sin § |0...1) with fidelity F = | (x(§ = 0)| |(8)) |? = cos? 6:

11 2 /1 3

%m»=2—w‘“¥5(w+(2_w>mﬁo (3:44)
11 1 1 /1 3

B S S Y A 4

2 2n ( )<2 2n (2 2") ) (3.45)

shown in Figure For small §, A = —2.62. Similarly if [1)) = cos & |[W,,) +siné |0)",
F=[{¥(d =0)|[x(3)) |* = ncos?d, and

1 1 n-1, .

Cly(s)y = 3 5, Ton sin? 6 (2 — sin? §) (3.46)
1 1 n-1 F?

2w G‘m) (3.47)
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3.1. Identical pure states

1.0
n
. — 3 5 7 8
0.8 .
0.6
A
=
S Mﬁ
0.2r
00 | | |

| | | |
-1.5-1.0-05 0.0 0.5 1.0 1.5
d(radians)

Figure 3.4: The CE of a W-like state equation (3.42) for various numbers of qubits n.
§ denotes difference from a true W state such that fidelity F ~ 1 — §2/n.

0.5F

0.0 | | | | |

|
-1.5-1.0 -0.5 0.0 O. 1.0 1.5
0 (radians)

Figure 3.5: The CE of a GHZ state with error proportional to § such that |¢(9)) =
cos § |GHZ,,) + sin ¢ ]0...1) for various number of qubits n.

shown in Figure For small §, A = (1—2)§2% The W state case has a much sharper
peak and a quicker drop-off than the GHZ state case, suggesting that the GHZ state

case is more robust to this kind of error.

The continuation of the second order error for amplitude errors in both GHZ and W
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3.2. Identical mized states

0.0 5 | |

| | |
-1.5-1.0-05 0.0 0.5 1.0 1.5
d (radians)

Figure 3.6: The CE of a W state with error proportional to ¢ such that [¢)) =
cos § [W,,) 4 sind |0)" for various number of qubits n.

states suggests that this is true for all input state amplitude errors. This suggest that
errors, even ones present prior to gates being applied, are squared by the calculation of
the CE. This can be seen as a positive of a negative: the relative error on the estimation

of the CE will be reduced but any errors in the test state will be obscured.

3.2 Identical mixed states

Now that the pure state case has been characterised, I now move on to mixed states,

starting with an identical ensemble such that p = p’.

Total concentratable entanglement (CE) as defined in [25] is

C=1- 2% Z tr [pi} (3.48)
a€P(S)
—1- P(0)2) (3.49)

which in the case of a mixed p equals

C = P(even no. of [1),s)+ P(odd no. of [1)ss). (3.50)
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3.2. Identical mized states

To investigate how this value behaves when the input state is mixed, consider the 2-
qubit Werner state p = p' = (1—p) [th2) (¢o|+pLt where [ths) = o |00)+3|11). Therefore
p has purity v =1 — %p(Z — p) and the resulting probabilities from the c-SWAP test 1

have calculated are

P(00)¢) =1~ %3 — (4 — 28" p(2 — ) (351)
1/5 4 /7
=3 (4 + a252) + 3 (16 - a252> y (3.52)
P(01)e) = P(I01)) = (2~ p) (3.53)
= 701-7) (3.54)
P(11)e) = o2 (a5~ ) p(2 ) (3.55)
_ é (i - a252) + % (a252 - 116> . (3.56)

It can be seen therefore that as p increases and the purity of p decreases,

P(|even no. of s)) increases, and that a non-zero P(|even no. of 1s) ) evidences non-
unity purity. Further, as p increases/~y decreases, P(|00).) decreases, and so it follows
that 1 — P(]00)..) increases. However, an ideal entanglement measure would correlate
with the level of useful entanglement associated with p, and so we would expect said
measure to decrease with decreased purity. Note that P(even no. of |1) ) itself fulfills

this requirement.

We obtain a lower bound on concentratable entanglement for mixed states by combining
the mixed state extension for the 2-qubit concurrence in Equation 2.38 with the fact

that the pure state CE can be written as a sum over all pairs in S

Cly) = ﬁZCi(!W) (3.57)

which gives

1 1 1
I _ _ 2] _ 2
C,= o (1 2n) tr [,o } o QGEP(S) tr {pa} (3.58)
which I have calculated to equal

2
Cf) = P(even no. of [1)ss) — (1 - 2n) P(odd no. of |1).s). (3.59)
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3.2. Identical mized states

I will now explore this value, the original CE value 1 — P(|0):), and the even and odd
probabilties to attempt to construct bounds for the mixed state case.

An n-qubit maximally mixed state p = p/ = 122—,? gives results

1 1

P(lodd no. of 1s)~) = 3 gutl (3.60)
An 4 om —2.3n
P(Jeven no. of 1s)) = +22n+1 (3.61)
n 3"
1—ontl 4 3n
I _
C= (3.63)

shown in Figure A negative CE we take to be zero. We would expect an en-
tanglement measure to give zero for a maximally mixed state; zero is bounded by

P(|even no. of 1s)) and C,lo.

0.8

0.6

0.4

0.2

Probability

0.0

-0.2 | /|/ /|/ /I/ /I

Figure 3.7: Probability results for a maximally mixed state of n qubits. The red
line is 1 — P(]|0)), the blue circles are P(Jodd no. of 1s)), the green dots represent
P(leven no. of 1s) ), and the yellow crosses are Cf,.

The relevant expressions (with regards to entanglement) for the above state p = p/ =
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3.2. Identical mized states

(1 —p) [1h2) (Y2 +p{74, |the) = a|00) + B |11), therefore are

1= P(00)) = 08 + = (7 - a?3) p(2 — p) (3.64)
P(11)e) = o~ (a5 = ) p(2 — ) (3.65)
Ch=a’p* - (a252 + é) (2 —p) (3.66)

Clys) = a*6° (3.67)

shown in Figure [3.8] The last expression would be an obvious candidate for an upper
bound for C, but, at least for all examples found in this thesis and related papers, is

not calculable from ¢-SWAP test results.

We now have a conundrum: P(Jeven no. of 1s).) feels like a good candidate for the
upper bound of (c), since it is > 0 for a maximally mixed state. However, for
P(leven no. of 1s)~)(p) < P(leven no. of 1s)~)(p = 0), where the right hand side is
a natural upper bound. We cannot know for certain whether P(|even no. of 1s).)(p)

is a faithful entanglement measure for mixed states.

However, the value 1 — P(|0)2)(p) > 1 — P(|0)¢)(p = 0) for all p, and therefore we
can be assured that this is strict upper bound, even though it is not a very tight one.

Therefore let

C, = P(even no. of [1)5s) + P(odd no. of |1)5s) (3.68)

C, = P(even no. of |1).s) — (1 — 22n) P(odd no. of |1)s) (3.69)

with P(even no. of |1).s) as a good estimator for p, which may be useful for states

that result in a large range C; — Cf).
Now I investigate these values for various n-qubit mixed states.

Let p=p' = (1 — p) [tn) (¥n| + pZE where [¢h,) = «|0)" + B[1)" is a GHZ-like state.
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3.2. Identical mized states

Probability

Figure 3.8: Probability results for input state p = p' = (1 — p) [t2) (¢2| + pZ where
[92) = a|00)+3|11). Unbroken lines represent 1—P(|0)¢), dotted lines P(even |1).s),
and dashed lines C/l).

The purity of pisvy=1— 27;;11)(2 — p). This state results in

P(odd no. |1)s) = 2;17:11])(2 —p) (3.70)
P(even no.|1),s) = 2(2;1_2) _a2ﬁ2 - <a2ﬁ2 — 47;:;22:2;3 23),%) p(2 —p)] (3.71)

22" =2) [ 16" —2-3"
Cg = (271) -Oé262 + <2n+2(2n_2) - 04252) p(2 —p)] (372)

2(2" — 2) 242 _ <2n(2-3"+4—5-2n)

L _
Co=""on 2(2n — 2)(2" — 1)

+ a262> p(2— p)}
(3.73)

shown in Figure for a = % Similarly construct a mixed W state p = p/ =
(1 — p) |[Wa) (Wa| + p2&, where [W,) = 37, [0...15...0). Therefore the purity of p is

v=1-21p(2 - p), giving:

P(odd no. [1)s) = %p@ —p) (3.74)
P(even no. |1)s) = % - % - (2;;11 - % — % + (i>n> p(2 —p) (3.75)
cg:;—;+(;+;—(i>n>p(z—p) (3.76)
cﬁ,:;—2—(%;11)2—;—21n+<i)n>p(2—p) (3.77)
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3.2. Identical mized states

shown in Figure Although for p = 0, C,,, < Cpyyy, for large p the two are

practically identical.

1.0
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o
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o
o
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Probability
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=~

o
N

0.0

/

Figure 3.9: Probability results for input state p = p' = (1 — p) |[¥n) (V] + pIWN
where [1,) = %(\OW + |1)"). Unbroken lines represent 1 — P(|0)), dotted lines

P(even |1).s), and dashed lines Ci,.
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Figure 3.10: Probability results for input state p = o = (1 — p) [Wy) (W| + pZ¥,
where |W,) = >3 0...1;...0). Unbroken lines represent 1 — P(|0)¢), dotted lines
P(even |1).s), and dashed lines Cll).

As with the errors/variations explored in Chapter 3, all examples have second order
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3.3. Non-identical pure states

error: any p gives p?> — 2p scaled error/effect in the results. Further, mixedness is
evidenced with non-zero P(odd no. |1)s) which also scales quadratically with p. For all

the Werner states described above, purity v = 1— Z52p(2—p) and P(odd no. 1) s) =

222,—111])(2—;0) = 1(1—~). For all input states p’ = p in fact, P(odd no. |1)ss) = $(1—7).

In conclusion, we have defined upper and lower bounds of CE for the identical mixed
state case. However, these bounds, although strict, are not tight and for low purities
have a large range. However, the value P((even no. of |1)~s) behaves as expected for

a entanglement measure and so can be regarded as a rough estimate of the CE.

3.3 Non-identical pure states

Now we consider the case where the twin input states p and p’ are not identical. This
is expected in an ensemble which we denote p™ = {p(m) :m € 1,2,...,M}. T model
this with M copies of state p and M copies of states p’ such that each round of the
experiment has one input p and its twin input p’, i.e. pn]‘{odel = {p, p'}M. This therefore

models an ensemble with variations around p and p’ — let U(p¥)) = U(p) + 6, therefore
1 SrL U(pW) = Ulp) if 57 YAL, 6 ~ 0.
First we stick to pure states, therefore for this section let p = [¢) (| and p/ = |¢) (]
If |¢) = |GHZ,,) and

6) = sin (Z 4 5) 10)" + cos (Z + 5) " (3.78)

then the fidelity of the two is F' = | (|¢) |*> = cos?d. The c-SWAP test probability

results are then

P(Jodd no. of 1s) ) = %(1 - F), (3.79)
P(leven no. of 1s)) = % — 2% — (; - 21n> (1-F). (3.80)

Despite the input state being pure, if the fidelity is non-unity then P(Jodd no. of 1s).)
is non-zero. Therefore a measurement of |odd no. of 1s), evidences either a mixed

input state and/or non-identical states in the ensemble.
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3.3. Non-identical pure states

Therefore, I define the CE upper and lower bounds as:

Clyy ¢ = Pleven no. of [1)s) + P(odd no. of [1)4s) (3.81)
2
Clyy ¢y = Pleven mo. of [1)¢s) — (1 — 2n> P(odd no. of [1),s) (3.82)

from the definitions in section These are the (calculable) upper and lower bounds
for the identical mixed state case and therefore are not rigorously derived bounds for
the non-identical case. However, these expressions only require measurable probabilities
from the CE test and so we will investigate their relevance to the non-identical case.

The following are my own results.

If the two input states are different GHZ-like state such that

) = sin (Z 4 9) 10)" + cos (Z + 9) Iy (3.83)
(T " m "
and  |@) = sin (4 +9+5> 10)" + cos (4 +9+5> 1) (3.84)
then F' = cos® § and
P(jodd no. of 1s),) = %sin2(5), (3.85)
1
=5(1-F) (3.86)
P(|even no. of 1s) )1—1—<1+1> in?(20 + §) (3.87)
even no. of Is)g) = 5 — o 5T on )8 ) .
1 1 /1 1 ' 2
=5 T on (2 + 271) (\/Fsm(%) + \/ﬁcos(%)) , (3.88)
" 1 I 1Y . 1.
Cloney =5~ g (2 + 2n> sin®(26 + 8) + 7 sin” 5, (3.89)
11 /1 1\, 11y
Clypier = 5 on (2 + 2n> sin”(26 + ) — (2 - 271) sin?s. (3.90)

Shown in Figure For small 6, Aygq = %(52, Acpen = (% — 2%)52. Similarly for W
states, if [¢) = |W,,) = ﬁ >-10...1%...0) and

1 1 1 "
o) =1/ - cos 6 ]00...01) + \/n 1 am-D) cos? § ;2 |0...1;...0) (3.91)
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3.3. Non-identical pure states

2
then F = % (cos5+ Vn —1vn — cos? 5) and

P(|exactly one 1s),) = %(1 - F) (3.92)
P(lexactly two 18) ) = - — —— — 21— F) (3.93)
exactly two 1S c) = 5 om 1 .

. 111
1 1 3 1
l
Chory =3~ 5 <4 _ 271) (1 F) (3.95)

shown in Figure For small §, 1 — F = mé‘l.The coefficients of 1 — F for

P(|even no. of 1s)) and Ciyy,1¢ are n-independent, which is not true of the GHZ-like

case. Therefore GHZ-like states are more robust to this kind of error than W-like states.

1.0
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o
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Probability
=
=~

o
N

0.0

Figure 3.11: Probability results for two different GHZ-like input state in terms of fidelity
F. The continuous line is Cy = 1 — P(]0)E™), the dotted line P(even |1).s), and the
dashed line Cé.

The c-SWAP test results in terms of fidelity when purity is one is of the same form in
terms of purity when fidelity is one, with P(odd no. |1)ss) = (1 — F)
and P(odd no. [1),s) = $(1 — ) respectively. In the next section, I look at how

mixedness and non-unity fidelity combine.
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3.4. Non-identical mized states

—_
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Probability
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I
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0.0

Figure 3.12: Probability results for two different W-like input state in terms of fidelity
F. The continuous line is Cj =1 — P(]0)E™), the dotted line P(even |1).s), and the

dashed line Cf).

3.4 Non-identical mixed states

We combine the previous two sections to now consider non-identical mixed states, the
experimental reality undoubtedly. We assume the twin input states are similar, and

model this with commuting density matrices.

Let the two input states be two different mixed GHZ-like states such that p = (1 —

p)|GHZ,) (GHZn]—G—pI;—S and p' = (1—q) |GHZ,) (GHZn|—i—q122—f. Using the definitions

in Section 3.2, these states give results:

n

P(odd no. ’1)0 s) = W(}ﬂ— q—pq) (3.96)
1 1 [/3\» 3
P(even no. [1).s) = 3 g <4) — 2n+1] (p+q—pq) (3.97)
. 1 o1 11 3\
bi=s a5t (4) ](pw Pa) (3.98)
1 1 1 1 3 3\"
l N S — — S — — J—
Cow =5~ on E +tm ot <4) (P +9q—pq) (3.99)

where the purity of pisy = 1— 22;1p(2—p) and the purity of p/ isy/ = 1— 2g;lq(2—q),
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3.4. Non-identical mized states

and the fidelity of the two is F' = [trv/pp/]? = (VI — p/T — ¢ + /pq)?. The n = 2 case
is shown in Figure As expected, the range C;i o Cf), s increases with p, ¢, and

lp—ql.

030 0
'/y//

>‘>0‘25_¢.. g.........ooa....aaano
‘_‘: ...o..--u....r‘“h— Oa.aoooo...‘.'.....
— *aeaggeee ha KX T LYY LA TS
:—5 0.20_ b ::;"‘ “00..~.-o- .:::;.....‘..-au
g ~_—— ~§-~~~~~ ..‘lg-..
8 ~~~~~ ~— ~~“~_~
Q_‘ 0.15_ ‘~_~~~‘~~ -~
0.10r D
-_—0 — 0.1 — 0.2
| | | | |
005000 0.05 010 0.5 0.0
q

Figure 3.13: Probability results for two different GHZ-like mixed input states in terms of
Werner parameters p and g respectively. The continuous line is C; =C, = 1—-P (|0>?3"),
the dotted line P(even [1).s), and the dashed line C/l,.

In terms of purities, the p- and ¢-dependant expression is

pa—pa=5p2 )+ a2 p) (3.100)
= 2n2i . (1 - %('y + 7’)) - %(p —q)° (3.101)

i.e. the mean of the two purities minus some ideally small value. Therefore

1 1

P(odd no. |1),s) = 3 (1 — 5(7 +fy’)> _

12" -1

1 (r—1q)° (3.102)

which is reminiscent of the identical mixed state case P(odd no. [1)-s) = (1 — 7).
Let us assume that p and ¢ are close, such that § = |p — ¢g|. Therefore p + g — pg =

p(2—p) F (1 —p)d and

1 12" —1
P(odd no. [1)s) = 5(1 - F 3 o

(1 —p)o. (3.103)
Let us then define an estimated value of the purity of the input state as

Yestimated = 1 — 2P(odd no. [1).s) (3.104)
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3.5. Sub-system concentratable entanglement

which in the above case is

2" —1
Vestimated = ¥ £ on (1 — p)5 (3105)
2" —1
=7+ (1-qd (3.106)
overestimating /underestimating v and ' by a value proportional to § = [p —¢|. I

conjecture that this is true for W-like states as well due to the equivalence of equation
(3.70) and equation (3.70)).

In conclusion, mixed non-identical input states — the norm for experimental setups —
are signified by non-zero P(odd no. [1)~s). The purity of the input states can be
estimated with Yestimated = 1 — 2P(0odd no. |1),s) which is € = (1 — p)|p — ¢| close to
the actual purity v. The more mixed and the less identical the input states the greater

the range C; , — C!

.+ Which is proportional to X = o (1 - %(’y+7’)> —3(p -

q)?. P(even no. [1)s) is a good estimate of C, , as it decreases from the maximally

entangled value proportional to X.

3.5 Sub-system concentratable entanglement

A further investigation of entanglement structure can be made with sub-system con-
centratable entanglement, defined in [25]. For any subset s € S where S = {1,2,...,n}
is the set of labels for each qubit in |¢), the sub-system CE is

1

Cp(s) =153 > 2] (3.107)
a€P(s)
=1—P(]0) on all in s) (3.108)

defined as ‘the average of the entanglement between the subsets of qubits with labels
in s and the rest of the system’ This can of course be calculated from a complete n-
qubit control c-SWAP test applied to the full state or an |s|-qubit control c-SWAP test
applied to just the qubits in s. Note that that when [¢)) = |¢), 1 — P(]0) on all in s) =
P(|1) on at least one in s), and that the CE used in previous chapters is more spe-

cifically the total concentratable entanglement C,(.S). The following are my own results.
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3.5. Sub-system concentratable entanglement

W-like input states, |W,) = > ax |0...1,...0), have sub-system CEs:

Clw,)(5) :Zaf( Yooai+ ), ai) (3.109)
(

i€s j>i)Es keS\s

=Clw,,) (&) + 22 > Cway({i k) (3.110)

1€s keS\s
which is the total CE of the qubits in s on their own, plus the bipartite entanglement

between each qubit in s and each qubit not in s.

Compare this with GHZ-like input states |GHZ,) = a|0)" + B|1)". Any s with car-

dinality |s| <n — 1 has CE

2|s|+1 -1 5 o
Cianz,)(s) = B P L (3.111)
= C|GHZ‘S‘>(S) (3.112)

and when |s| = n — 1, Cignz,)(s) = Ciguz,)(S). Since GHZ states have equally dis-
tributed entanglement among each qubit, the CE is not dependant on which qubits
are included in the set s. This also means that the CE of a subset with cardinality
|s| = m is equivalent to the total CE of an m-qubit GHZ-like state. Imagining again
that GHZ-like entanglement is a single vertex of size n, an m sized cutout of an n sized

circle is indistinguishable from an m sized circle.

If the qubit set being subject to the entanglement test is part of a larger entangled
state, however, this will be reflected in the probabilities P(odd no. [1).s), since the

sub-state will be mixed.

These GHZ-like and W-like states (in general) are n-entangled, as in all qubits are

entangled with all other qubits. Consider instead a partially separable four-qubit state

|1) = |xa) = (cosB]00) +sind|11)),, ® (cos ¢ |00) + sin ¢ |11)),, . (3.113)
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3.5. Sub-system concentratable entanglement

with CEs
Cry({1,2}) = %sinQ(QQ) (3.114)
= Cixa) ({1}) = Cpy ({21) (3.115)
Cpny({3,4}) = %sin2(2¢) (3.116)
= Clxa) ({31) = ey ({41) (3.117)
Clys)(all other s) = % (sin2(29) + sin?(2¢) — isin2(29) sin2(2¢)) (3.118)

= Ciy({1,23) + Cpyeyy ({3, 4}) = Cpyy) ({1, 21)C)y ({3,4}). - (3.119)

Firstly, we have the result Cy (S = s1 U s2) = Cy(s1) + Clyy(52) — Cpyy (51)Cpypy (52),
exemplifying the sub-additivity of CE (see [25]). Secondly, it is not simple to see that
this state is partially seperable, from these results, as Cj,,)({1,3}) # 0 etc. This is
because while P(|1010)) = 0, P(|1111),) > 0. The individual probabilities, not the

sub-system CE, must be used to construct the entanglement structure.

There is a second way to recover this information: let us instead consider a modified
version of the ¢c-SWAP test applied to grouped qubits within the input state. For
example, let us apply a c-SWAP test with a two-qubit control state, such that the first
control qubit controls the qubits in set s; and the second controls the qubits in so,

where s1 Usy = 5.

Applying this version of the test to

|¢> = |¢>12 ® |¢>34 (3-120)
- (cos (Z + 5) 100) + sin (Z + 5) |11>)12 (3.121)
® (Cos <Z + 5> 100) + sin (Z + 5) |11>)34 (3.122)

where the total CE of the bipartite system is Cj4) (S) = Cjy) = cos? 6 sin? 6. The total CE
of [¢) is then Cjyy(S) = 2C}¢y — C|2¢>. The subsystem CEs of all possible subsets s; and
s2 using both methods are shown in Table 3.1} As expected, the CE between the two

different pairs is zero. The other results are explained by CE being subadditive. This
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3.6. Summary

formalism more straightforwardly describes the entanglement structure of the input

state.
s ‘ CW (s) CW,)(S, 5)
{1} Clg) Clg)
{1,2} Cig) 0

Table 3.1: CE across a bipartite cut Cjy(s,5) and sub-system CE Cy)(s) for [¢) =
|6)15 @ |@)34 Where Cjy) = cos® fsin 0.

3.6 Summary

Let M rounds of the c-SWAP entanglement test as described in Section 2.6 with error-
less operations, be applied to an ensemble of state p. If all three output qubits were to

be measured, not just the control state, the resulting probabilities correlate with

P()e,) =P (%) 4n,) (3.123)

P, @ 0)0,) =P (197 ) a5 ® W) 45, ) (3.124)

If |1) is measured at the k-th qubit, this corresponds to a Bell state between py
and p'j after the c-SWAP test. In essence, the entanglement within p and within p’ is
transformed into pairwise entanglement between p and p’ by the c-SWAP test. However,
as we will see in the next section, one |1) alone does not evidence entanglement in the
initial p. Only even numbers of |1) s, which corresponds to pairs of singlet Bell states

between states A and B, evidence entanglement.

Labelling each qubit in p with S = {1,2,...,n}, the control state output probabilities

are
1 2
P(odd no. of [1)cs) ~ (1-t o)) (3.125)
which for pure p equals zero, and

P(non-zero even no. of |1),s) ~ % (1 +tr [pQD - — Z tr {pi} (3.126)
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3.6. Summary

where P(S) is the power set of S, po = Trg/,[p], and tr [,0%} = 1. The approximates

become equalities if all elements of the ensemble are identical to one another.

We have defined the concentratable entanglement (CE) as

A 1 1
Cp=3 (1+tr[p?]) - D [02] (3.127)
a€P(S)
~ P(non-zero even no. of |1),s) (3.128)

which therefore increases with increased purity of the whole state and decreased purity
of the subsystem states. If the ensemble elements are not all identical to one another

and the state p is mixed then the CE is rigorously bounded by

1

u 2
Ci=1-g > tr 73] (3.129)
a€P(S)
~ P(even no. of |1).s)+ P(odd no. of [1).s) (3.130)
1 1 1

1L _ 4 2] _ L 2

C,= on + (1 2n) tr [p } . Z tr {pa} (3.131)
a€P(S)
2
~ P(even no. of [1),s) — (1 - 2n> P(odd no. of [1).5s) (3.132)
and the purity of p is

v~ 1—2P(odd no. [1)ss) (3.133)

where P are the probability results from the c-SWAP test on an ensemble described by
p-

To conclude: previously presented entanglement measures the generalised concurrence
and the n-tangle can be recovered from Concentratable Entanglement (CE), but CE has
a simpler form and is directly derived from experiment. Individual output probabilities
describe the entanglement structure of the input state. Variations of order § in the
input states give variations of order 62 in the probability outputs and therefore the
CE, suggesting the test is robust to these kinds of errors and can be reliably used in
experimental settings. This squaring of variations obscures errors, which decreases the

relative error on the CE but reduces the likelihood of identifying error in the test state.
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CHAPTER 4

The concentratable entanglement

test for higher dimensional states

We are interested in extending both the c-SWAP test and concentratable entanglement
to higher dimensional states, specifically qudit states and coherent states. Therefore we
repeat much of the analysis in Chapter 3 with these states. Specifically, we expect the
CE to behave in ways found by previous entanglement measures. Work in this chapter

was produced with Oliver Prove (OP).

4.1 Qudit states

Higher dimensions allow the possibility for richer simulation of multi-level systems [74],
reducing gate number in quantum circuits [75], [76], and reduction of fractional phase

rotations from CyNOT gates [76].

Let p = p/ = |[¢) (¢| where |¢) is a D > 2 dimensional qudit state. Although the
twin input states are qudits, the control state remains a qubit (D = 2); therefore
the entanglement test’s operation is unchanged, although the composite gate structure
must be modified to achieve a SWAP operation on qudit states [77]. The following is

my own work unless otherwise specified.

Recall the concurrence of a pure 2-qubit state [¢) 45 is c2(|¢)) = /2(1 — Trp?) from

49



4.1. Qudit states

equation (2.36)), and that this gives C|¢> 02 shown in equation 1.' Concurrence
can be extended to generalized concurrence [43], which for bipartite pure states is

Ea(|Y) 45) = 1/2(1 — Trp%). Therefore:

Cly = P(I11)0) (41)
- i (242 trfo)) (4.2)
=5 (1 urla) (4.3)
= %Ei (4.4)

where we have used the definition in equation (3.127) where n = 2, tr[p% ] = 1, and

Let us define a GHZ-like n-qudit state [¢)) = ZJ»D:_OI A;17)", which gives

D—-1D-1

Cluy = Pleven no. of [1)s) =4 < _ > STy 4242 (4.5)

7=0 k>j

Figureshows the CE for maximally entangled 2-qudit states of dimension D (Cjyy =

number of qubits, n
2 4 6 8 1012 14 16 18 20

0.50_ ..IIIIIIIIIIIII
0.45F
/\0.4:0_ X
= —X
© 0.35F s
0.30F
0.25—':I

N O R T N B SR B
2 4 6 8 1012 14 16 18 20
dimension of qudit, D
Figure 4.1: The total CE, C}y), given by the test for entanglement in maximally en-

tangled 2-qudit input states [¢) = \FZ ! k)™ for various dimensions D (black

crosses). For comparison, the CE for max1mally entangled n-qubit GHZ states are
shown in orange squares. The horizontal purple lines show that the 2-qudit CE is re-
lated to the n-qubit CE with Cjy)(n =n', D = 2) = Cjyy(n =2,D = o' =1,

55) along with those for maximally GHZ-entangled n-qubit states (Cypy = 35— QL)

wh—n
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4.1. Qudit states

for comparison. Both increase with D and n respectively and tend to %; increasing
n however has a greater effect on CE than increasing D. Increasing n however has a
greater effect on CE than increasing D, and in fact they are related by Cy(n = n',D =
2) = Clyy(n=2,D =2"""1),

Now let the input states be different to represent variations in the ensemble as described
in section 3.4, such that p = |¢) (| and p' = |p) (¢|. 1 therefore make use of the

expressions found in section 3.5:

Clyy,j¢) = Pleven no. of [1);s) 4+ P(odd no. of |1)s) (4.6)
2
Clyp, i = Pleven no. of [1)¢s) - (1 - Qn) P(odd no. of [1)¢s).  (4.7)

Let one input state be the maximally GHZ-entangled n-qudit state |1)) = % ZkD;Ol |E)™,
and the other input state be some similar state |¢) = ZkD:_Dl Ak |k)". When D is even

we define
5 - L - D-1
’(I)even((s» — \/;{008(4 + 5) Z |]>n + sin(Z + 5) Z ’j>"} (48)
j=0 i=%

so that all amplitudes are governed by 4, and |P*V*"(§ = 0)) = % SP k)™, Using
) = | @V (§ = 0)) and |¢) = |@°V°"()), fidelity F' = cos? § and:

P(odd no. of 1)) :é sin? § (4.9)
1 1h1 1 11y
P(even no. of|1)s) —4<§ — 27) (5 — ﬁ) - (5 - 2—71) sin” ¢ (4.10)
therefore
u 1 1y/1 1 1 .,
1 1 1 1 2
1 _ s 2

Here, the §-dependant terms are not dependant on D. Consider instead that D is odd

and define similarly

D-1_4
2 T E 1 |D—-1\"
)= Tt 105 4 251
(8)) =/ 5 | cos(] ISR
T D—-1
+sin( +9) "] (4.13)
=gt
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4.2. Entangled coherent states

where [1) = |®°dd(§ = 0)> and |¢) = ‘(IDOdd(é)>, and again fidelity F' = cos? §:
1D-1
P(odd no. of [1)s) =5~ sin? 0 (4.14)
1 1y/1 1 1 1\D-1 _,
P(even no. of ‘1>C S) —4(5 — 27) <§ — E) — (5 — 27”) D sin” ¢ (415)

As always, non-identical input states can be evidenced and tolerance-bounded by
measurements of odd no. of |1) s, the difference being that the greater D the greater
P(odd no. of [1)s). Since the even version had no such dependence, this suggests that

the dependence on D is related to how many amplitudes are divergent between [¢)) and

(2%

It also follows

b =4 - (G- h) e 2

Chyoy :4(% - 2%) (% - %) - (1 - ;) Dl; L gin? 5 (4.17)

which has a slightly tighter bound range than the even-D version since one of the basis

sin? § (4.16)

state’s amplitudes does not vary, but otherwise behaves the same. The results for both

even and odd D-dimensional non-identical states are shown in Figure |4.2

It can be seen therefore that qudit state CE behaves similarly to qubit state CE, with
the addition that the greater D the greater the CE and the bound range for non-
identical states. This follows from the idea that there is a higher level of possible

entanglement as the qudit dimension increases [30)].

4.2 Entangled coherent states

We now consider how the c-SWAP test and concentratable entanglement can be applied
to coherent states. Let p = p' = |¢) (4| and therefore P(|11)) = 1 — P(]00),). Our
(OP, VK, SF) proposed optical set up to perfom the c-SWAP test is shown in Figure
The circuit is applied to the k-th mode in each of the input states p and p’. This

pair enters the circuit on spatial paths A and B respectively, and the control state is
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4.2. Entangled coherent states

—_
(@)

Probability
o o o
i o co
I I

o
)

0.0

Figure 4.2: C-SWAP test probability results against fidelity F for input states
|Y) = |®(6 =0)) and |¢) = |®(d)) where n = 2. The effect of § on |¢) is slightly
different for even and odd D. The continuous lines are Cﬁ@ 16 the dotted lines are

P(even no. of 1)), and the dashed lines are C‘lw 6

encoded in their polarisations. As with the qubit/qudit state test, the circuit is applied

2\

PBS2

to each of the n modes in p, M times (in parallel).

SWAP ]

A —APBSL
INPUT ~=

D

Figure 4.3: A proposed circuit, to be applied to each k-th mode, for implementing the
c-SWAP test on optical states. The k-th mode of the input states |¢) and |¢) each enter
the circuit on a different spatial path A (blue) and B (orange). PBS1 and PBS2 are
polarizing beam splitters, with the transmitted polarization corresponding to control
state |0)~ and the reflected polarization to |1),. The SWAP operation crosses the two
paths, such that |1) 4 [¢) 5 = |¢) 4 [¢) 5. A detector is placed at C.

In this set-up, the individual modes must be able to be swapped; therefore we restrict
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4.2. Entangled coherent states

our investigation to coherent state superpositions of the form
) =N > A, o) (4.18)
0€0y,
where O,, = {«, 5}" is the set of all configurations of two coherent states a and  from
equation on modes {1,2,...,n}, N is a normalisation constant, and P(|o)) =
IN'A,|%. Some states of this form can be implemented through parametric amplification

and photodetection [39].

First, we compare the CE and entropy of entanglement of one such state. For ease we

choose a 2-mode entangled coherent state [¢) = (|aa) + [88)) /\/1 + (a|B)?, the CE of

which is
Cly = P(11)¢) = im (4.19)
and the entropy of entanglement from equation (2.48) [51] is
Sa(pa) = log(2) + log (1+ (a|)°) (4.20)
e e~ o) (a.21
- (1 i éz:gif log (1 + (a|8)) (4.22)

Figure shows C|y) and Sa(pa)/4log2 (so that the two agree when (a|3) = 0) as
a function of (a[3). The shape of the two functions are very similar however Cjy <

Sy (pa)/4log?2 for all («|B).

Let us consider the more general 2-mode entangled coherent state

[4) = N(Aaa [0} [a) + Aag|a) |8) + Aga |8) o) + Ags |8) [8).  (4.23)
The CE of this state is

Gy = P(11)c) = 105 (1~ {alp)?)” (4.24)
where

Oé = 2N2|Aaa‘4ﬂﬁ - AaﬁAﬁa| (4.25)
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4.2. Entangled coherent states

0.25

0.201

0.15

C|¢>

0.10

0.05

O'OO_I | | | | 1
0.0 0.2 0.4 0.6 0.8 1.0

<a|f>

Figure 4.4: Graph showing the C.E. (blue solid line) and the normalised en-
tanglement entropy (orange dotted line) of entangled coherent state [¢) =

(Jact) +188)) //1 + (aB)? for various (a|B).

as an analogue to pure qubit state concurrence in equation (2.37). Note that unlike
this value is not invariant under linear optics. The specific case |5) = |—«) is shown in
shown in Figure The C.E. increases with o until 0.75 < a < 1.5 where it plateaus

to the qubit state CE. The a at which C.E. plateaus increases with C}.

Finally consider n-mode entangled coherent states such as the GHZ-like ECS [¢) =
N(Apa |a)" + Ayp|B)™), which gives CE

1

Cuy =N (1= ()" (5 = 55 ) A142aA%| (1.26)

and W-like ECSs [¢) = N2, A |8 ay) |8)" " which give

Clyy = N* (1= (1) ) ZZ|A2A2 (4.27)

=1 j>1

From results (4.19)), (4.24]), (7.6), and (4.27)) we conjecture that the CE of an entangled
coherent state of the form equation (4.18) can be obtained from the corresponding n-

qubit results — i.e. let (aB) = 0 then renormalise — multiplied by N*(1 — (a|8)%)*=",
where x is the number of qubit swaps the state has undergone during the c-SWAP test

to give the amplitude in the final expression.

55



4.3. Coherent states as high dimensional qudits

0.25F
Cy
0.20F — 0.0
----- 0.25
o015~ 05/
= - 0.75
X 0.10F 1.0/ /
0.05
0.00 /| . . . . .
0.0 05 1.0 15 2.0 25 3.0

Figure 4.5: Graph showing the probability of observing the entanglement signa-
ture [11), after the c-SWAP test applied to state 1)) = |[ECS) = N(Aiy |a) o) +
Ay ay|—a) + A_i |—a) |a) + A__ |—a) |—a)), plotted against coherent state amp-
litude « for various values of Cé as defined in equation (4.25))

Further work is needed to discoverer how this extends to entangled coherent states

(ECS) with more than two distinct coherent states, and therefore D > 2 dimensions in

the corresponding n-qudit state.

4.3 Coherent states as high dimensional qudits

As seen from the set-up in section 4.2, the ¢-SWAP test requires swapable modes.
An alternative method for other coherent states is to approximate them with high

dimensional qudits, with the D-dimensional approximation:

_loy? Rl i

|aqudit> =e 2 Z ﬁ ’]> (4'28>

J=0
First, to test the accuracy of this approximation for the c-SWAP test and concentratable

entanglement, we recall an entangled coherent state from section 4.2 that the c-SWAP

test can directly be applied to for comparison.

Consider the simple entangled coherent state (ECS)

[Ya) = N (la) [@) +[—a) [-a)) (4.29)
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4.3. Coherent states as high dimensional qudits

which can be approximated by
14

) = 0 S (14 (1) O

af
j=o N (4.30)

where we have chosen D = 15 so that [1)qudit) is approximately normalised in the range
0 < a < 3 — see Figure [£.6] The c-SWAP test output probabilities against « for this

state are shown in Figure [£.7] calculated by OP. In the same plot are the results for

|tho) for comparison.

0.0 1.0
1.0
0.8
2.0 9
2
3.0 062
©
54.0 o>
S
5'0 0-4 E
|-
(@)
6.0 c
0.2
7.0
8.0 0.0

5 10 15 20 25
qudit dimension, D

Figure 4.6: The norm of the qudit approximated ECS, equation , as a heatmap
across different qudit dimensions and coherent state amplitudes. This was used to
determine a value of D for which the qudit state accurately models the ECS, equation
, across the coherent state amplitude « range considered.

The behaviour of P(|11)) for each state are very similar, tending to the same value,

but the qudit approximation overestimates in the region of 0 < v < 1.8.

Now consider a coherent state that the ¢c-SWAP test cannot be trivally applied to:
the two-mode squeezed vacuum state | TMSV,) = S2(£) |0,0), where S3(€) is the two-
mode squeeze operator defined in equation (2.24). These states have been used to

demonstrate the EPR paradox experiment with continuous position and momentum
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4.4. Summary

0.25F Jpp——
0.20
T0.15F
— II
— /
X 0.10-
0.05F  // _ gcs
,/'I _____ qudit approximation
0.00F — | proximation
0.0 05 10 15 2.0 25 3.0

x

Figure 4.7: A comparison of P(|11).) for ECS equation (4.29) and a qudit approxim-

ation ECS equation (4.30) against coherent state amplitude «.

variables [78]. The qudit approximation of a TMSV state is [79)

14
N Z(—ew tanh )7 |j;) . (4.31)

J=0

TMSV udit) =
| qud v coshr

The c-SWAP probability result is then

N4 14 14 ]
P(]11>C):mz > (tanhr)?0TR), (4.32)
7=0k=0,k#j

This is shown in Figure , alongside the normalised entanglement entropy % %

_ 2 2 ‘12 C 12 g
where S4(pa)(r) = cosh®rlog cosh” r—sinh® r log sinh” r [36]. Unfortunately, C|TMSundit>
does not seem to be a good estimation of Cirygy,)- The entanglement entropy increases
with r linearly and indefinitely, however the C.E. of the qudit approximation has a max-
imum at r ~ 2.5 where it plateaus with C};, = 1—75 It is unclear whether the c-SWAP

test cannot be applied to squeezed states or simply that the qudit approximation cannot

be used for states with indefinitely increasing CE.

4.4 Summary

The ¢-SWAP test and therefore Concentratable Entanglements can be trivially applied

to higher dimensional states so long as the substates are swappable in an experimental
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4.4. Summary

0.0 |"‘4 l l l l l
0.0 0.5 1.0 1.5 2.0 2.5
T

Figure 4.8: The probability results for a two mode squeezed vacuum (TMSV) state
approximated by a D = 15 qudit state from equation (solid blue line) alongside

frac?l5% of the TMSV state (dotted orange line).

setting. CE increases with dimension D, coherent amplitude a, and squeeze parameter

r strengthening it as a multidimensional entanglement measure.

59



CHAPTER 5

Experimental implementation

Once we are convinced that Concentratable Entanglement (CE) is a good measure of
entanglement, we turn to how it might be estimated in experiment. First, we present
a second CE test, then we compare the two by numerically simulating each with a
Rydberg setting. Work presented in sections 5.1 and 5.2 was produced with Jacob
Beckey (JB), Gerard Pelegri (GP), and Natalie L. Pearson (NP). Finally in section 5.3

I review the less resource intensive case of evidencing non-zero CE.

5.1 Bell-basis measurement test for entanglement

The Bell-basis test is an alternative method for obtaining c-SWAP test measurement
data, proposed in [27] by JB, GP, SF, and NP. As with the c-SWAP test, the Bell-
basis test requires 2M copies of the n-qubit input state p. The c-SWAP test applies
M -n one-qubit measurements whereas the Bell-basis test applies 2M -n. However, the

Bell-basis test does not require ancilla qubits or three-qubit gates.

(]

A pe l [H 7
B: p}, N /7<

Figure 5.1: One round m of the Bell-basis test for entanglement on input states p and
p'. His a Hadamard gate and the two-qubit gate is a CNOT gate.

kEe{l,2,...,n
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5.1. Bell-basis measurement test for entanglement

During each round m € {1, ..., M}, the circuit in Figureis applied to the k-th qubits
in p and its pair p/, for each qubit k € {1,...,n}. Then all qubits are measured, in order

to calculate the probability of measuring each possible 2n-state output (pp’)1 ... (pp )n.

During any one round, a measurement of an even number of |11),s evidences entan-
glement. Therefore, for example, any non-zero P(|...(11);...(11);...)) evidences en-
tanglement in p. Additionally, an odd number of |11),s in one round evidences that p
and p’ are not equivalent. This sounds very familiar! If you map |11) to |1)., these

statements hold for the c-SWAP test outputs.

Consider a one-qubit pure state [¢)) = Ag|0) + A; |1) and its pair |¢) = By |0) + By |1).

Applying the ¢-SWAP test for equivalence from Chapter 2 to these states gives
P(|0)¢) =
P(h)e) =

Wlo) I (5.1)
| (¥1o) | (5.2)

w\»—lM\H
w\»—xw\»a

Applying the Bell-basis test as described above gives

P([00)) = % %(AOBl A Bo)? (5.3)
P(l01)) = % %(AOBO — A1By)? (5.4)
P(]10)) = % %(AOBl + A1 By)? (5.5)
P([11)) = % %(AOBO + A1By)? (5.6)

=~ 5l Wi P (57)

therefore P(|1))c-SWAP test = P(]11))Bell-basis test- As seen from a broader proof in [27],

this is true for mixed states of any n. The Bell-basis test results correspond to

1
CW’) =1- on Z tr [pi} (5.8)
a€P(S)
= P(even no. of |11)s) (5.9)
—1-— Z tr [pa} (5.10)
aEP
= P(even no. of |11)s) + P(odd no. of [11)s) (5.11)




5.2. Concentratable entanglement tests on a neutral atom platform

and so any results from the c-SWAP test can be exactly recovered by the Bell basis

test.

To explain the link between these two circuits, recall the Bell basis states in Equation
. The triplet states |®T),[¥T),|®7) are evidenced after a Bell-basis measure-
ment of |00),|01),|10) respectively, and the singlet state |[¥~) corresponds to |11).
Therefore the Bell basis test is in fact detecting singlet states between qubits in p and
qubits in p’. This is very similar in concept to the c-SWAP test, which is redistributing

the entanglement in the input states into singlet states across p and p'.

5.2 Concentratable entanglement tests on a neutral

atom platform

To compare the c-SWAP test and Bell basis test we numerically simulate each with noisy
gates [27]. We chose the neutral atom platform as single species atoms are inherently

identical, and to spotlight its programmable layout and non-local interactions.

In this setting CNOT gates and CCNOT gates are replaced by CZ and CCZ gates
respectively with the addition of a Hadamard gate on the target qubit before and after
the CZ/CCZ gate. The gate circuits in this formalism are shown in Figure for the
c-SWAP test and Figure for the Bell-basis test. For the c-SWAP tests, each trio of
atomic qubits {pg, pj, Cx} in one round m are arranged in an equilateral triangle such
that each atom 7 is separated from atom j by d;;. Similarly for the Bell-basis test each

pair of atomic qubits {py, pj,} are nearest-neighbours with separation d;;.

As seen in GP et al. [80,27], CZ and CCZ gates can be realised using adiabatic rapid
passage (ARP) techniques to control population dynamics [81]. States |0) and |1) are
encoded in two long-lived hyperfine ground states. The required atom groups ({p, pj }
for CZ and {py, p},, Cx} for CCZ) are globally illuminated with laser pulses such that
each state |1) is coupled to a Rydberg state |r) with Rabi frequency Q2r and detuning

dR, via a two-photon transition through an far-detuned intermediate excited state |e)
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5.2. Concentratable entanglement tests on a neutral atom platform

A: py rL ]
B: ¢, —{1—{2}—{7]

Bl I el

C: |0%0] —{H] (oA

Figure 5.2: Gate circuit for one round m of the c-SWAP test suitable for the ARP
technique. The two-qubit gate is a C'Z gate from equation (2.14]) and the three-qubit
gate is a CCZ gate from equation (2.15).

(7]

A pi

A

Figure 5.3: Gate circuit for one round m of the Bell-basis test suitable for the ARP
technique. The two-qubit gate is a C'Z gate from equation 1}

[80, 27]. The Rydberg blockade effect is such that when |V, < Qp| where the pairwise
Rydberg interaction strength V% is determined by separation d;;, only one qubit can

be in state |r). The laser pulses therefore drive the transitions [80]

(10))101) « (|0)) [0r) (5.12)
(10))[11) « 12(!0>) (1) +[71)) (5.13)

1111) & —= (J117) 4 [1r1) + |r11)) (5.14)

1
V3
with detuning 6p(t) and Rabi frequencies Qr, v2Qg, and v/3Qp respectively. To
achieve a C'Z or CCZ gate two consecutive ARP pulses are applied, such that dz(¢) > 0
during the first pulse and 0r(¢) < 0 during the second, resulting in the required phase

flip [81].

A numerical simulation of each test was performed by GP, modelled with the above
architecture, Cs atoms, and currently available laser specifications [27]. CZ and CCZ
gates are simulated with non-unitary matrices; this simulates loss of population outside
of the computational basis during the excitation process due to the finite linewidths I'¢
and T', of the states |e) and |r). The noise associated with the one-qubit Hadamard

gates is considered negligible. The effective matrices for the C'Z and CCZ gates are
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5.2. Concentratable entanglement tests on a neutral atom platform

therefore

Ucz = 00) (00| 4 0.9990¢7-99067(|01) (01| 4 10) (10])
+ 0.9986¢ 19907 | 11) (11| (5.15)
Uccz =1000) (000] + 0.9981e-%8457 (1001) (001] + |010) (010| + |100) (100])
+0.9973e099347(1110) (110] + [101) (101| + |011) (011])

+ 0.9963€0-99117 |111) (111] . (5.16)

Since population leakage can be detected in experiment [82] and therefore discarded in
post-processing, after the effective matrices are applied we re-normalize the system’s
state. The loss of norm during numerical simulation is recorded and used to estimate
the number of rounds M required to estimate the CE within e. A comparison of the
recorded loss of norm for the c-SWAP test and Bell basis test for n-qubit GHZ states
is shown in Figure [5.4|b), calculated by JB.

(a) (b)

- i
c-SWAP /9\ 0.05 —o= c-SWAP 'z’J
@ = =—A= Bell ’/’
~— E 4
@‘@ 7 0.025 1 "
"
@ — _‘——r—*—-‘_—‘

Bell

D
| "
N— —y
O -=
w

0.005 A

2 3 4 5) 6 7 8
n

—— 0 F=g=od——te ===

Figure 5.4: Image taken from [27]. a) Atom architecture for the c-SWAP test and the
Bell-basis test respectively. b) Comparison of c-SWAP and Bell basis tests on n-qubit
GHZ state |GHZ,) = % (|0)™ +]1)™). The top panel shows the loss of norm due to
noisy Rydberg pulses. The bottom panel shows the error that this results in in the
estimation of the CE. For both we see the Bell-basis test outperforms the c-SWAP test.
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5.8.  Ewvidencing non-zero Concentratable Entanglement

The loss of norm is less for the Bell-basis test than for the c-SWAP test for all n
considered (2 < n > 8). Therefore the required experimental data can be obtained
with fewer copies of p and fewer total gates with the Bell basis method. Since the
implementation of three-qubit gates on other platforms have achieved worse or similar
fidelities to those on Rydberg platforms [83], we conclude that on current and near-
term platforms the Bell basis test is the more viable method to estimate concentratable

entanglements.

Let us investigate the effects of loss of norm during the estimation of CE of other
entangled states. Figure [5.5(a) shows the total CE C(S) of pure n-qubit Line, GHZ,
and W states as calculated by the noisy numerical simulation as well as the error
between this and the analytical results found in Chapter 3. For 3 < n < 15 the
error €¢(g) < 2 X 1073 for all states. Unlike GHZ and W states, the error on the CE
of Line states decreases with larger n with ec(g) < 0.5 X 1073, Figure (b) shows
the number of rounds M of the Bell-basis test on an n-qubit Line state required to
achieve a 95% confidence interval (CI) of size K, calculated from the Clopper-Pearson
(CP) method and Hoeffding’s equality from Equations and by JB. The
CP method predicts less required measurements than Hoeffding’s equality even for
n = 12. We consider the CP method to be more accurate since it exploits the underlying
binomial probability distribution of pure CE. A 95% CI of size 1072 can be achieved
with M = ©(10%) rounds.

Also shown in Figure [5.5|(b) is the loss of norm calculated by the numerical simulation,
which for n < 15 is 1 — | ([vh) | < 0.03 and increases linearly with n. Therefore a

correction to the number of measurements M is at most 1.03M.

5.3 Evidencing non-zero Concentratable Entanglement

The last two sections calculate CE in its entirety — however one function of the Bell-

basis test is that non-zero values of CE can be evidenced with just one measurement

65



5.8.  Ewvidencing non-zero Concentratable Entanglement
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Figure 5.5: Image taken from [27]. a) The bottom panel shows the total CE of pure
n-qubit Line, GHZ, and W states as calculated by a noisy numerical simulation (dots)
alongside the analytical results (solid lines), and the upper plot shows the error e
between the two. b) the number of rounds M of the Bell-basis test on an n-qubit Line
state required to achieve a 95% CI of size K, calculated using Clopper-Pearson (CP)
or Hoeffding’s equality. The inset shows the loss of norm.

of P(even no. of |11)s). I investigate how many iterations of the test, and therefore

number of copies of p are required to evidence non-zero CE.

I model the expected number of copies with simply

2
E(no. of i = 1
(no. of copies) P(even no. of [11)s) (5.17)
2
= Cgstimate (518)

since two copies are required per iteration. The more entangled the state, the fewer
number of copies required. Therefore, the less entangled the state, the lower the entan-
glement signature probability, and the higher the number of measurements required.
Shown in Figure is this scaling relation. Vertical line segments indicate results for
various GHZ-like pure states, and then for comparison these same states with the min-

imun expected number of copies required for quantum state tomography (QST) found
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5.4. Summary

in [55]. For n > 3 pure states of CE C > 0.05 the Bell-basis test evidences entangle-
ment with less copy states than QST. This highlights the Bell-basis test’s suitability

for larger multipartite states.

n
_2
— 3
~ 103}
2 10 — 4
%. s
‘: — 0
o 102k _7
8 — 8
[ L
1015—

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Figure 5.6: The expected number of copies against CE to evidence non-zero CE. The
vertical line segments and crosses show the results for GHZ-like states from equation
1' with ay = %, ﬁ, ﬁ from right to left. The vertical lines and continuous
thick black line show the scaling for the Bell-basis test and the crosses and thin grey
lines show the scaling for quantum state tomography (QST).

5.4 Summary

Complement to equations and , for any subset s € S where S = {1,2,...,n}
is the set of labels for each qubit in p, the CE of p is
Cgsmmate(s) = P(even no. of |11)s on s) (5.19)
C,(s) = P(even no. of [11)s on s) + P(odd no. of [11)s) (5.20)
Cl(s) = P(even no. of [11)s on s) — <1 - 22n> P(odd no. of |11) on s) (5.21)
and the purity of p is

yeimate — 1 — 2P(odd no. of [11),5s) (5.22)

where P are the probability results from the Bell-basis test as described in section 5.1

on state p.
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5.4. Summary

As these results are directly equivalent to those obtained by the c-SWAP test, all state
error and entanglement structure analysis from Chapter 3 holds also for the Bell-basis

test.

The Bell-basis test can be efficiently performed on Rydberg atom hardware with an
order of ©(10%) rounds on a n < 12-qubit pure state, achieving a 95% confidence
interval of size ©(1072). The Bell-basis test therefore outperforms the c-SWAP test
on this platform and so we consider the Bell-basis test more suited to experimental
estimation of CE. The Bell-basis test is particularly suited to larger multipartite states

of n > 3 due to its favourable scaling in n.
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CHAPTER 6

Conclusions and Further Work

While the c-SWAP test for entanglement can be used on any n-party state, we conclude
that the Bell-basis measurement test for entanglement (as described in Chapter 5)
is more efficient at estimating the multipartite entanglement measure Concentratable

Entanglement (CE) of a qubit state as well as requiring fewer resources.

For the set of labels S = {1,2,...,n} for each subsystem in input state p, the Concen-

tratable Entanglement (CE) is

=5 (1ru[?]) — 5 T wr[ed]

a€eP(S)
~ P(Z7"") (6.1)
u 1 2
¢, :172—71 Z tr[pa}
a€cP(S)
~ P(Z5v°") + P(2999) (6.2)
1 1 1
I _ = 20 _ 2
C,= on + (1 2n)tr [p } o Z tr [,004}
acP(S)
2
A~ P(Z8ven) — (1 — 2n> P(zpdd) (6.3)
and purity
v =tr [pﬂ (6.4)
~1—2pP(2049) (6.5)
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6. Conclusions and Further Work

where vaen(Odd) is the set of all bit strings with an even(odd) number of 1’s or 11’s out-

putted by one round of the c-SWAP test and Bell-basis measurement test respectively
(where even does not include zero). The probability P is obtained with M repeats of
the test on an ensemble of state p of size 2M. P(s) is the power set of s, po = Tra 4 [p),
and tr[py] = 1. These values of C,, C%,, and C', converge when p is pure and the
ensemble elements are identical. These results are robust to small variations in the

input states.

The Bell-basis test can be achieved experimentally with current hardware. It requires
2M copies of p, M - n two-partite operations, and 2M - n measurements. For pure

states, M is at maximum of the order

M=6 (ln(l/5)> (6.6)

€2

where 1 — 9 < P(\CAM — Cyyl <€) and O(g(d,€)) is the set bounded both above and

below by g asymptotically.

Unlike many other multipartite measures, concentratable entanglement (CE) has a
simple analytical form, can be directly estimated from experiment on arbitrary n-
partite state p, and has favourable resource scaling in n. It is simpler to understand
than generalised concurrence, easier to calculate than entropy of entanglement, and
more encompassing than the n-tangle. Therefore, I argue that CE should be adopted

as a standard entanglement measure for multipartite states.

Since the c-SWAP test for entanglement is composed of the c-SWAP test for state
comparison applied to each subsystem, it is of interest to explore other tests for state
comparison applied to each subsystem as a test for entanglement. Candidates include
Barnett et al. and extensions [84) [85] which finds that the overlap between two states
is given by the difference in probabilities between finding the systems in the symmetric
and antisymmetric subspaces. A second avenue for further work it to increase the
number of copies used in each round of the ¢-SWAP test [86], which may be more

resource efficient.
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CHAPTER 7

Appendices

Let p = [¢) (¢] and p" = |¢) (4]

7.1 Two-qubit probability results

Let |¢) = Ago|00) 4+ Ag1 |01) + Ag1 [01) + Ayq[11) and |¢) = Bgo |00) + Bop |01) +
Bo1 |01> + B11 |11>

P(]00)¢) = 2[4(140023002 + Ao1”Bo1® + A10>Bro® + A11”Bir?)
+2(AgoBo1 + Ao1Boo)? + 2(AooBio + A10Boo)’
+2(Ao1 Bi1 + A11Bo1)” + 2(A10B11 + A11Bip)?

+ (AooB11 + Ao Bio + A1oBoi + A11Boo)?],

P(|01)¢) = 3[2(1400301 — A1 Boo)? + 2(A10B11 — A11B1g)?

+ (AooB11 — Ao1 Bio + A10Bor — A11Boo)?],

P(|10)¢) = 3[2("400310 — A10Boo)? + 2(Ao1 B11 — A11Bg1)?

+ (AooBi1 + Ao1Bio — A10Bor — A11Bo)],

1
P(11)¢) = ;(AooBi1 — Ao1Bio — AwoBor + A11By)? (7.1)
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7.2.  Three-qubit probability results

If |¢) = |¢) = Ago [00) + Agq [01) + Ay [01) + Ayq [11):

P(100)) = 1 — (AgoA11 — Ag1 A1)
1

=1- ZC%,
P(|01)¢) =0,
P(|10)¢) =0,

P([11)¢) = (AgoA11 — Ag1Arp)?

1 2
_102

where ¢y is the concurrence.

7.2 Three-qubit probability results

Let |1b) = [¢) = 32 Aiji lijk):

P(]000)) = %[2(140004 + Aoor* + Aoro* + Ao1r*
+ A1oo* + Arr* + Aro* + A1)
+ 44000° (Ao + Aoro” + A100°)
+4A011%(Aoo1” + Aoro® + A111?)
+4A101%(Aoo1” + Ar00® + A111?)
+ 4A110%(Ao10® + A100? + A111?)
+ 2(AgooAo11 + Ago1 Aoio)?

+ 2(AgooA101 + Aoo1 4100)°
+ 2(AgooA110 + Ao104100)°
+2(Aoo1 A1 + Ao11 A1)
+ 2(Ao104111 + Ao114110)?
+ 2(A1004111 + A1014110)°

+ (AgooA111 + Aoo1 A110 + Ao10A101 + Ao11A100)?],




7.2.  Three-qubit probability results

P(’OOUC) =0,
P(|010),) =0,
1
P(|011),) = 5[2(14000%1011 — Ago1Ao1o)?

+ 2(A100A111 — A1014110)
+ (AoooA111 — Ago1A110 — AoroAror + Ao11A100)7],
P([100)¢) =0,
P(]101)¢) = 3[2(1400014101 — Aoo1 A100)”
+2(Ao10A111 — Ao11A110)°
+ (AoooA111 — Ago1A110 + AoroAror — Aot1A100)7],
P(]110)¢) = %[Q(AOOOAHO — Ap10A100)°
+2(Aoo1 A111 — Ao11 A1)
+ (AoooA111 + Ago1A110 — AoroAior — Aot1A100)7],
P(|111)z) = 0 (7.3)

For 3-qubit GHZ-like test states where |1)) = Aggp |[000)+A111 |111) and |¢) = Bygp |000)+
’111> BHl:

P(]000)) = Agoo*Booo” + A111°Bi11”
+ é(AOOOBlll + A111Booo)?,
P(l001)¢) = %(AOOOBIH — A111Bono)?
= P(|010)¢) = P(|100)¢) = P([111)¢),
P(|011)¢) = %(AOOOBlll + A111Booo)”

= P([101)¢) = P(|110)¢) (7.4)
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7.8. n-qubit probability results

For 3-qubit W-like test states where [1)) = Ago1 [001) + Ag10]010) + Ajg0 [100) and
’¢> = Boo ’001> + Bo1o ’010> + B1oo ’100>

P(|000) ) = Ago1*Boo1® + Ao10°Bo1o” + A100° Bioo”
+ %[(1%013010 + Ao10B001)* + (Aoo1Broo + A100Boot)?
+ (Ao10B100 + A100Bo10)?],

P(001)¢) = i[(AomBom — Ao10Boo1)”
+ (Ago1Bioo — A100Bo01)?];

P(|010)¢) = i[(AomBow — Ao10Boo1)”
+ (Ao10B100 — A100Bo10)?],

P(|011)p) = i(AomBmo + Ag10Boo1)?,

P(100)¢) = i[(AOOIBIOO — A100Boo1 )
+ (Ao10B100 — A100Bo10)?],

P(]101)¢) = i(AomBloo + A100Boo1 ),

P(|110),) = i(AomBloo + A100Bo10)?,

P(j111),.) = 0. (7.5)

7.3 n-qubit probability results

For n-qubit identical GHZ-like cases |¢) = |¢) = ag [0)" + a1 |1)™:

n 2n—1 -1 9 o
AR

2
277,—2 aO(l - 0[0)7

2l —1 5,

P(leven no. of 1s)) = om0 (7.6)

21 1
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7.8. n-qubit probability results

For n-qubit identical W-like cases [¢) = |¢) = a1 [00...1) + ag >°7_50...1;...0):

n n—1
P(O0)E) =1~ (0~ 1)aj (af + "77a3)

-1
P(|exactly two 18),) = (n — 1)a3 (a% + 5 a%) . (7.8)

For n-qubit identical W-like states where |¢) = |¢) = > a;(0...1;...0):

ia (a? + zn:a?) , (7.9)

i=1 j>1
P(|exactly two 1s) ZZ (7.10)
=1j>i
(7.11)

For n-qubit GHZ-like states where |¢) # |¢), [1) = o [0)" + a1 [1)" and |¢) = By |0)" +
BrI1)":

n 1
P(|0)¢) = a5 + i Bt + 5= (aofr + a1fo)?,

2
1
P(jodd no. of 1s)¢) = 5 — 5 (aofo + a1 61)’,
2l —1 2
P(leven no. of 1s)) = T(aoﬁl + a180)”. (7.12)

For n-qubit W-like states where [¢) = > @;0...1;...0), [¢) = >%_; b;|0...1;...0):

P(|0)¢) = zn: <a$b2 + - Z (azbj + a;b;) ) (7.13)

=1 ]>z
P(0...1;...0)0) = % 3 (ab; — azhi)? (7.14)
P(|0...1;...1;..0) ;) = %(aibj + a;b;)? (7.15)

which total to

1
P(|exactly one 1),

O |

2

aibj — ajb,-)Q
bi)®

M: INgE

)o) =
P(lexactly two 1s),) = a;bj + a;

>
15>
>

AN

=1

0]
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